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ABSTRACT 


This  thesis  is  devoted  to  the  study  of  certain  non-classical 
partial  differential  equations  referred  to  by  many  authors  as  Mangeron's 
equations  or  polyvibrat ing  equations  of  Mangeronj  specifically,  we  inves¬ 
tigate  here  the  partial  differential  equation 

Lu  -  dW  (e  +  pu  =  f 

subject  to  various  types  of  boundary  conditions  on  the  boundary  dR  of 
the  rectangle  R  :  {a  <_  x  <_  b  \  y  <_  d)  ,  where  Q(x,y)  ,  p(xty)  and 
f(x,y)  are  functions  defined  on  R  with  certain  specified  properties. 
Differential  equations  of  the  above  type  have  applications  in  many  problems 
of  mathematical  physics  and  in  some  areas  of  multidimensional  interpolation 
theory. 

In  the  present  work,  using  the  tools  of  functional  analysis,  we 
establish  a  general  abstract  background  for  the  theory  of  polyvibrating 
equations  and  unify  several  known  results  with  our  new  ones.  The  underlying 
connection  between  all  the  results  obtained  is  the  positive  definiteness 
of  polyvibrating  operators  subject  to  certain  restrictions,  which  shall  be 
made  explicit  in  the  course  of  the  thesis.  We  achieve  our  objective,  essen¬ 
tially,  in  three  steps. 

First,  we  consider  an  associated  variational  problem  which  consists 
of  minimizing  a  functional  of  the  form 


. 


' 


(ii) 


(2) 


rb 


a 


f(x3y3u3u  )  dxdy 
xy 


over  a  specified  class  of  functions.  Necessary  and  sufficient  conditions, 
analogous  to  fixed  end  point  problems  of  the  calculus  of  variations,  are 
derived  in  the  second  chapter. 

The  second  step  is  devoted  to  the  study  of  the  existence  of  a  solu- 

(1) 

tion  in  a  Hilbert  space  consisting  of  functions  which  are  absolutely 

continuous  in  the  sense  of  Vitali  and  satisfy  certain  additional  properties. 

( 2 ) 

The  Hilbert  space  1/  seems  to  be  considered  here  for  the  first  time. 

o 

We  generalize  the  concept  of  eigenfunctions  and  eigenvalues,  and  show  that, 
for  the  associated  Sturm-Liouville  problem,  the  eigenfunctions  form  a 

(7) 

complete  set  in  .  We  consider  eigenvalue  problems  involving  natural 

boundary  conditions  in  Chapter  IV  and  prove  a  comparison  theorem.  Chapter 
V  deals  with  partial  differential  equations  of  the  type  (1)  involving 
mixed  boundary  conditions.  We  construct  Green’s  functions  for  polyvibrating 
operators  and  it  is  also  shown  that  in  certain  cases  the  Green’s  function 
is  positive,  a  property  which  is  very  important  in  the  study  of  the  oscilla¬ 
tory  nature  of  eigenfunctions. 

Lastly  we  generalize  many  results  concerning  Equation  1  to  higher 

order  polyvibrating  equations.  For  this  purpose  we  introduce  certain  new 

(n)  (1) 

Hilbert  spaces  (ft  =  ,  which  are  subspaces  of  \J ^  .  We 

conclude  the  thesis  with  the  study  of  the  existence  of  a  solution  to  certain 

integro-part ial  differential  equations  and  with  an  up  to  date  bibliography. 


^  v 


XadilH 


(iii) 


ACKNOWLEDGEMENTS 


It  gives  me  great  pleasure  to  acknowledge  the  constant 
encouragement  and  guidance  of  Professor  M.N.  Oguztoreli,  throughout 
the  preparation  of  this  thesis. 

I  wish  to  express  my  gratitude  to  Professor  D.  Mangeron  of 
the  Polytechnic  Institute  of  Jassy,  Romania,  for  his  kind  encouragement. 

I  also  wish  to  acknowledge  a  Graduate  Teaching  Assistantship 
and  a  Dissertation  Fellowship  from  the  University  of  Alberta,  and 
support  from  the  National  Research  Council  of  Canada  through  the  grant 
NRC-A-4345,  which  made  this  work  possible. 

My  sincere  thanks  also  go  to  Miss  Olwyn  Buckland  for  the 
excellent  typing  of  this  thesis. 


• 

. 


' 


(iv) 


TABLE  OF  CONTENTS 


Page 

ABSTRACT .  (i) 

ACKNOWLEDGEMENTS  .  (iii) 

I.  SCOPE  OF  THE  THESIS 

§1  Introduction  .  1 

§2  Description  of  the  Work  Done  in  This  Thesis .  10 

II.  VARIATIONAL  PROBLEMS  ASSOCIATED  WITH  POLYVIBRATING 

EQUATIONS 

§1  Introduction .  14 

§2  Notation  and  Definitions .  15 

§3  Mason’s  Lemma .  15 

§4  The  First  and  Second  Variations  of  J .  20 

§5  Weierestrass '  Necessary  Condition  .  25 

§6  Sufficient  Conditions  for  the  Existence  of  an  Absolute 

Minimum .  28 

§7  Solution  of  a  Boundary  Value  Problem  for  a  Fourth  Order 

Polyvibrating  Equations  .  41 

III.  EXISTENCE  THEOREMS  FOR  POLYVIBRATING  EQUATIONS  USING  A 

HILBERT  SPACE  APPROACH 

§0  Introduction .  47 

§1  Positive  Definite  Operators  .  48 

§2  Absolutely  Continuous  Functions  .  53 

(7) 

§3  Fundamental  Properties  of  the  Hilbert  Space  1/  .  .  59 


' 

. 

X 


(v) 


§4  A  Boundary  Value  Problem  of  Mangeron  .  65 

§5  Further  Characterization  of  the  Hilbert  Space  l/^  ...  68 

o 

§6  A  More  General  Boundary  Value  Problem  .  72 

§7  Generalized  Eigenfunctions  and  Weak  Eigenvalues  .  77 


IV.  FUNDAMENTAL  INEQUALITIES  AND  NATURAL  BOUNDARY  CONDITIONS 

§1  Inequalities .  84 

§2  Natural  Boundary  Conditions  .  91 

§3  A  Simple  Boundary  Value  Problem  Involving  Natural  Boundary 

Conditions .  95 

§4  A  Comparison  Theorem  for  Eigenvalues  .  99 


V.  PROBLEMS  WITH  MIXED  BOUNDARY  CONDITIONS 


§1 

§2 

§3 

§4 


Introduction  . 

Symmetry  and  Positive  Definiteness  of 

Eigenvalues  of  L  . 

Comparison  Theorem  for  Eigenvalues  . 


L  on 


r 


(2) 

a,  3  *  *  *  ’ 


VI.  GREEN'S  FUNCTIONS  OF  POLYVIBRATING  OPERATORS 

§1  Introduction  . 

§2  Green's  Functions  . 


106 

107 

113 

116 


119 

121 


VII.  GENERALIZATIONS  TO  HIGHER  ORDER  OPERATORS 

§1  Introduction . 127 

§2  Minima  of  Integrals  Involving  Higher  Order  Picone 

Derivatives . 127 

§3  Selfadjoint  4nth  Order  Polyvibrating  Equations  .  131 


BIBLIOGRAPHY 


141 


. 

- 

' 

. 

. 

i  '  y>  o  >  - 

■ 

■ 


1 


CHAPTER  I 

Scope  of  the  Thesis 


§1.  Introduction. 


Many  properties  of  the  mixed  derivative  u  of  a  function 

xy 

u(xyy)  of  two  real  variables  xyy  are  extensions  of  properties  of  the 
ordinary  first  derivative  of  a  function  of  one  variable.  For  example, 
if  v(t)  denotes  a  function  defined  on  [ayb]  such  that  V1 (t)  exists 
and  is  continuous  in  (ayb)  ,  then 


( 1 ) 


v(t)  =  v(a)  + 


•t 

v'WdK 


Ja 


This  shows  that  the  function  value  v(t)  can  be  recovered  provided  we 
are  given  the  derivative  in  the  interval  a  <  t  <  b  and  the  initial 

dv 

value  of  the  function  at  t  =  a  .  This  characterestic  property  of 

extends  to  the  function  of  two  variables  as  follows.  If  u(x,y)  is  a 

continuous  function  defined  on  a  rectangle  R:  {a  <_  x  <_  b ;  c  <_  y  <_  d} 

such  that  the  derivative  u  (xty)  exists  in  the  interior  of  R  ,  then 

xy 


(2) 


u(x,y)  =  u(a,y)  +  u(xyc ) 


-  u(aye)  + 


pry 


Ja  Jo 


u^.  d^dr i  . 


Taylor’s  formula  for  functions  of  a  single  variable  can  also  be  extended 
as  follows: 


Theorem  I.  1.1  [IS].  If  v(x)  is  a  function  that  is  continuous 
together  with  its  first  (n+1)  derivatives  on  an  interval  containing  a 
and  x  3  then  the  value  of  the  function  at  x  is  given  by 


. 


2 


(3) 


,  v 

v(x)  =  v(a)  +  v1 (a) (x-a)  +  •••  + - ^ a  ( x-a)  +  •••  + 


(n)  f  N 

y  (a) 


n! 


(x-a)  +  R  (xf  a)  , 


n 


where 


R  ( x,a )  = 

n 


(X 


Ja 


n 


(x~^~  r(n+1)  (t>  dt 


n\ 


The  equation  (1.1.3)  can  also  be  written  in  the  form 


(4) 


v(x)  =  v(a )  + 


+ 


•x 

a 

rx 

a 


v '  ( a)d £  + 


rX 


Ja 


(x  K)  v"(a)dz  + 


2! 


(x-£)n  ^  (n)  ,  \  j r-  , 

~(n-T)'i  y  (a)*  +  J 


/  ,-\W  .  1 

(x-C)  vn+ 2(5)dc 


a 


n: 


This  form  suggests  the  extension,  as  given  by  M.  Picone  [1  ]. 


Theorem  I.  1.2  (M.  Picone  [1]) .  Let  u(x3y)  he  a  real  valued 
function  of  two  variables  such  that  it  is  continuous  together  with  the 
partial  derivatives 


rfh+k 
9  u 


(5) 

h  J.  (0  £  <n+l 

d/ay 

y  0  <  k  <  n+1 ) 

in  a  <  x  <  b 

and  c  <  y  <  d  .  Let 

(6) 

u«hx,y)  - 

dxK dyK 

(0  <  k  <_  n+1 ) 

and 

u 


k(x,i j)  =  (a,y) 


u^  (XyC)  -  u^k\ayc) 


(7) 


. 

■ 


-  3  - 


for  0  _<  k  <_  n+1  .  Then  u(xsy)  can  he  written  in  the  form 


rx 


( 8 )  u(x  yy)  =  uQ(xyy)  + 


VS 


a  ' 


u1Uir])d^dr\  + 


+ 


X  P  (x-E,)^  (y-r\)^  (r.  N  lr.  7 

I  — uk+1a,wdm  +  ••• 


'a  'c 


y 


n-1 ,  Kn-1 


aJ 


un(C,n)<iCdn  + 


<?  [(n-1)!] 


rx 


Ja 


,y  (x-g)wfa-n)n  (n+1) 

O  u 

(my 


Another  interesting  similarity  between  the  ordinary  derivative 

for  functions  of  one  variable  and  the  mixed  derivative  u  (xyy)  is  to 

xy 

be  found  in  the  theory  of  probability.  Specifically,  if  v(x )  denotes 


the  probability  that  the  random  variable  R  takes  on  a  value  less  than  or 

dv 

equal  to  x  and  if  v(x)  is  differentiable  then  is  the  probability 

density  function.  Similarly,  if  u(x^yx^)  denotes  the  probability  that 

the  random  variables  R7,R9  take  values  less  than  or  equal  to  x1  and 

1  Z  „  i 

3  m 


X 


2  ,  respectively,  and  if  the  mixed  derivative 


dX^dXr, 


exists,  then  it 


is  the  joint  probability  density  function  of  this  random  process. 


If  a  function  v(t )  is  absolutely  continuous  in  (ayb)  then  its 
derivative  exists  almost  everywhere  in  (a, h)  .  To  show  how  this  property 
is  extended,  we  need  the  following  definition  of  absolute  continuity  of  a 
function  of  two  variables  given  by  Vitali: 


Definition  I.  1.3  [14],  A  function  u(x3y)  defined  on  the  rectangle 
R:{a  <  x  <  b  ;  c  <  y  <_  d }  is  said  to  be  absolute ly  continuous  in  the  sense 
of  Vitali  in  R  3  if  given  e  >  0  there  exists  a  6  >  0  such  that  for  any 


,n  )dE3dr\. 


finite  or  infinite  set  of  nonoverlagping  subrectangles  { R  of  R 


. 


. 


<  e 


meas  (u  R  )  <  6  => 
•  • 

%  'i- 


l  i  wi 


where  F^CR^)  denotes  the  following  double  difference 


for  the  rectangle 


R-:{a.  <  x  <  b.  ;  e.  <  u  <  d.} 

Is  Is  1  t  U  % 


Extensive  work  was  done  in  the  beginning  of  this  century  on  this  type 
of  absolute  continuity  by  G.H.  Hardy,  M.  Krause  and  W.  Young.  Hardy  and 
Krause  have  defined  the  concept  of  bounded  variation  for  functions  of 
two  variables  and  used  it  in  the  study  of  expansion  of  functions  of  two 
variables  in  terms  of  their  double  Fourier  Series.  A  detailed  account 
can  be  found  in  the  book  by  E.W.  Hobson  [14], 

Thus  it  is  quite  natural  to  expect  that  there  should  be  similar¬ 
ities  between  the  ordinary  second  derivative  of  a  function  of  one  variable 

d4u 

and  the  fourth  order  partial  derivative  ■= — „  of  a  function  u(x ,  y)  of 

two  variables.  This  idea  has  been  used  by  D.  Mangeron  [ 2 ]  in  his  habili- 
tation  thesis,  at  the  suggestion  of  M.  Picone.  D.  Mangeron  specifically 
considered  the  eigenvalue  problem  for  the  equation 


(S) 


— - — -  =  X  A(x,y)u 
9a;  92/ 


subject  to  the  boundary  conditions 


G  rl! 


:i  ■  ro|3l  ■ 


' 


5 


u(c>y)  =  u(b,y )  =  u(xyc)  =  u(xyd)  =  0 

where  A(xyy)  is  a  positive  continuous  function  defined  on  the  rectangle 
R:  {a  <_  x  <_  b  ;  Q  <_  y  d} .  He  extended  many  properties  which  hold  for 
the  following  simple  eigenvalue  problem  for  the  ordinary  differential 
system 

,2 

— j  =  -X  p(x)u 
dx 

v(cc)  =  v(b)  =  0 


D.  Mangeron  [2]  showed  that  the  eigenvalue  problem  (1.1.9)  -  (1.1.9)*  is 
equivalent  to  the  minimization  of  the  following  double  integral 


(10) 


fb[d  2 

u 

xy 

aJo  c 


dxdy 


over  the  class  of  C^(R^) 

( 


functions  satisfying  the  conditions 


(11) 


(i) 

(il) 


u(ayy)  =  u(b,y)  =  u(xyo) 

’brd  2 

A(x,y)u  dxdy  =  1  . 

'a'c 


u(xyd)  =  0 


Noticing  the  similarity  between  the  problem  of  minimization  of  (1.1.10)  and 

simple  integral  problems  of  the  calculus  of  variations,  M.  Salvadori  [39] 
has  considered  the  problem  of  minimization  of  integrals  of  the  type 


(12) 


f(xty ,u;u^y)dxdy 


over  a  specified  class  of  functions  and  has  generalized  may  of  the  results 
in  the  calculus  of  variations  which  hold  for  the  following  simple  integral 


' 


(13) 


-  6  - 


•b 

f(x>y,y')dx  . 

•'a 

Further,  Tonelli  [  3  ]  has  given  many  criteria  which  ensure  the 
existence  of  an  absolute  minimum  for  functionals  of  the  type  (1.1.13). 

These  results  have  been  generalized  to  the  problem  ( 1.1.12 )  by  G.  Stampac- 
chia  [37],  In  this  connection  it  is  important  to  mention  a  lemma  of 
M.  Mason  [24],  which  seems  to  have  been  missed  by  the  above  mentioned 
authors.  The  article  by  A.  Huke  [15]  gives  an  excellent  account  of  the 
fundamental  lemmas  of  the  calculus  of  variations,  and  this  is  our  source  for 
the  lemma  of  Mason.  This  lemma  will  be  given  in  Chapter  II. 

F.  Maneresi  [20]  has  considered  the  following  Sturm  Liouville 

problem 

(14)  (0  u  )  +  pu  =  X  qu 

xy  xy  r  ^ 

* 

(14)  u(a,y)  =  u(b,y)  =  u(x,e)  =  u(x,d)  =  0 


where  B(x,y)  is  positive  continuous  function  in  R  such  that  0  ,0  ,0 

x  y  xy 

are  all  continuous  and  p ,q  are  nonnegative  continuous  functions  defined 
on  R  .  The  problem  of  F.  Maneresi  is  quite  easily  seen  to  be  very 
similar  to  the  following  Sturm-Liouville  problem  for  an  ordinary  self 
adjoint  differential  system 

(r(x)y')'  +  s(x)y  =  y  t(x)y 


(15) 


< 


y  (cl)  =  y(b)  =  0 


where  r(x)  ,  s(x)  ,  and  t(x)  are  sufficiently  smooth  in  [a,£>]  .  We 


' 


.  4 


mention  in  what  follows  some  work  done  in  this  direction.  D.  Mangeron 
and  L.E.  Krivosein  have  considered  in  a  series  of  papers  [22]  integro- 
partial  differential  equations  of  the  type 


rb  rd 


1 a  Jc 


K(xyy;Z,r 1)  u^,x\)d^dr\ 


u(a,y)  =  u(b,y)  =  u(x,c )  =  u(x,d)  =  0 


( i  =  1 , 2, • • •n-1) 


for  c  _<  y  <_  d  and  a  <_  x  <_  b  ,  respectively.  They  have  considered  the 
problem  both  when  K(x,2/;£,n)  is  a  Fredholm  or  Volterra  type  of  kernel. 

In  this  connection  we  should  also  mention  a  series  of  papers  published 

by  D.  Mangeron  and  M.N.  Oguztoreli  [23]  where  the  authors  have  considered  the 

following  partial  differential  difference  equation 


This  work  extends  the  work  of  F.  Truesdell  [39]  on  the  ordinary  differential- 
difference  equation 


If  we  make  a  transformation  of  variables 


x  =  £  +  n 


y  =  z  -  t) 


d  U 

dxdy 


then  the  partial  differential  operator 


is  transformed  into  the 


goes  over  to 


-  8  - 


2  2 

partial  differential  operator  -  ^~)  #  and 


2  (n) 


9C 


9n 


A 

dxn2yn 


,  3  3'  N 

V  ^  2'  u  *  It  is  well  known  that  the  partial  differential  equation 

3£  3n 

p  p 

3  m  3  m  2 
- o  -  - o  -  0.  U 


3? 


3h 


represents  the  equation  of  a  vibrating  string.  Thus  rightly  D.  Mangeron 

d2n 

has  called  the  operator  —  —  a  polyvibrat ing  operator  of  order  n 

3a?  3i/ 

for  the  same  reason  as  in  the  case  of  polyharmonic  operators.  I.N.  Vekua 
[40]  has  considered  the  solution  of  polyharmonic  equations 


(16) 


An)  _  d2  d2  .  (n) 

A  M  —  ( — p  +  - p)  u  —  f 


dX 


dy 


by  making  a  transformation  of  the  type 


z  =  x  +  iy 


z  =  x  -  zy 


and  then  the  equation  (1.1.16)  is  equivalent  to  the  following  partial 
differential  equation 


r,2n  — 

3  m_  _  „,z+z 

— v?  ^  '  9 


2-2 


dzndzn 


2i 


7)  • 


We 


have  also  to  mention  the  application  of  these  types  of 


operators  in  approximation  theory  for  functions  of  two  variables:  in  [2] 
it  has  been  shown  that  a  two  dimensional  spline  is  a  function  which 
minimizes  the  integral 


h(d  3  4u  2 

{ — 2 — 2} 
a  o  dx  dy 


(17) 


' 


' 


as  d  >;ii  31 


-  9  - 


where  u(x>y)  is  assumed  to  satisfy  certain  differentiability  conditions. 

G.  Birkhoff  and  W.  Gordon  [  7  ]  have  used  these  ideas  very  recently  in  their 
paper  on  the  Draftsmen's  equation  and  related  problems.  In  this  connection  we 
should  mention  that  many  European  Mathematicians  have  also  considered 
such  problems.  (cf:  M.  Picone  [1,2],  D.V.  Ionescu  [16]). 


It  is  well  known  [30]  that  certain  plane  problems  in  elasticity 
theory are  equivalent  to  the  minimization  of  the  quadratic  form 


(18) 


Hu]  =  if  +  — 'i)2  dxdy 

a/ 


over  the  space  of  functions  u  satisfying  the  boundary  conditions 


(19) 


u 


dR 


=  0 


du 

dn 


dR 


=  0 


It  can  easily  be  seen,  by  virtue  of  the  boundary  conditions,  that  there 
exists  constants  a ^  and  o ^  such  that 


(20)  Gj 

#  « 

R 

The  above  inequality  has  been  used  by  N.  Aronszajn  and  W.F.Donoghue  [4] 
to  find  upper  and  lower  bounds  for  the  functional  §[u]  .  This  has 

been  done  by  solving  the  eigenvalue  problems 


xy 


dxdy  <_  $[w]  j< 


u  dxdy 
xyxy  J 


d4u 


dx22y2 


=  X  u 


d8u 

— 4 — 4  =  V  m 
8a:  8 y 


subject  to  the  boundary  conditions  (1.1.19).  Partial  differential  equa¬ 
tions  of  this  type  also  occur  in  some  problems  of  chemistry.  M.N.  Oguztoreli 


10  - 


[4]  has  considered  the  above  type  of  problems  in  connection  with  his 
study  on  distributed  parameter  control  systems. 

§2.  Description  of  the  Work  Done  in  This  Thesis. 

The  fundamental  problem  considered  in  this  thesis  is  to  investi¬ 
gate  systematically  certain  boundary  value  and  mixed  problems  associated 
with  a  class  of  polyvibrating  equations  of  Mangeron,  to  unify  the  results 
obtained  up  to  date  with  our  new  ones,  and  to  give  a  solid  foundation  for 
the  theory  of  polyvibrating  equations. 

In  Chapter  II  we  first  give  a  simple  proof  of  a  lemma  of  Mason 

for  continuous  functions  u(x ,y)  whose  partial  derivatives  u  ,  u  ,  u 

x  y  xy 

have  discontinuities  only  along  lines  parallel  to  the  coordinate  axes.  This 
proof  of  Mason's  lemma  is  then  used  to  prove  some  theorems  of  M.  Salvadori 
to  the  above  class  of  functions.  In  this  way  we  prove  certain  results  in 
one  dimensional  problems  in  the  calculus  of  variations  (1.1.13),  where  the 
admissible  functions  are  continuous  functions  whose  derivatives  are  piece- 
wise  continuous  in  a  specified  domain  of  the  real  line.  Necessary  conditions 
and  sufficient  conditions  for  the  existence  of  an  extremal  are  established 
and  the  results  obtained  in  this  chapter  are  applied  to  establish  the  exis¬ 
tence  and  uniqueness  of  the  solution  of  the  Mangeron  equation  ( 1.1.14 ) 
subject  to  certain  boundary  conditions. 

In  Chapter  III  we  show  that  the  functions  defined  on  R  which 

are  absolutely  continuous  in  the  sense  of  Vitali  and  which  vanish  on  the 

(1) 

boundary  of  R  ,  form  a  Hilbert  space  l ,  with  respect  to  the  inner 


product 


' 


*1  ■■  i 


GO 


rb  rd 


(( UyV )) 


aJ  o 


u 

xy 


v 

xy 


dxdy 


We  have  also  shown,  using  a  method  due  to  N.  Aronszan  and  Donoghue[ 4  ], 

00 

that  this  Hilbert  space  is  the  completion  of  C^(R),  functions  which  are 
infinitely  differentiable  in  R  and  with  compact  support  in  Int  (R)  ,  with 
respect  to  the  norm  defined  by  (1.2.1).  This  leads  us  to  the  consider¬ 
ation  of  the  problem  of  existence  and  uniqueness  of  a  generalized  solution 
to  the  following  Manaresi  type  system: 


(2) 


(e 


u  ) 
xy  xy 


pu 


f 


(3) 


u(ayy)  =  u(xyo)  =  u(byy)  =  u(x,d)  =  0 


where  0 (x,y)  ,  p(xyy)  are  essentially  bounded  functions  and 
f(xyy)  e  L0(R)  .  We  also  assume  the  existence  of  a  positive  constant  0 
such  that  Q(xyy)  _>  0^  .  Further,  we  consider  generalized  eigen¬ 

functions  and  eigenvalues  for  the  partial  differential  equation  (1.2.2) 
subject  to  the  boundary  conditions  (1.2.3).  In  this  analysis  we  make  use 
of  an  idea  due  to  E.M.  Landesman  and  A.C.  Lazer  [19]. 

In  Chapter  IV  we  give  some  "fundamental"  inequalities  connecting 

the  function  u(xyy)  and  its  mixed  derivative  u  (xyy)  where  u(xyy) 

xy 

is  subjected  to  certain  boundary  conditions.  One  of  these  is  an  extension 
of  Poincare's  inequality  [  1],  This  inequality  will  then  be  used  to 
investigate  the  existence  of  a  solution  of  the  simple  boundary  value  problem 
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(5) 


uxy(a'y)  -  uxy(b’y)  =  uxy(x>o)  =  Uxy(x’d)  =  0  • 


It  will  also  be  shown  that  the  boundary  conditions  (1.2.5)  are  of 
unstable  type.  This  shows  the  peculiarity  of  this  type  of  problems, 
which  are  parabolic  rather  than  hyperbolic. 


In  Chapter  V  we  consider  the  classical  operator  (1.2.2) ,  i.e., 

we  assume  that  0  ,  p  ,  f  are  continuous  functions  in  R  such  that 

Q(x,y)  >  0  ,  p(x,y)  >  0  and  B(x,y)  ,  0  (x9y)  and  0  (x >y)  are  all 

x  y  ocy 

continuous.  The  boundary  conditions  subject  to  which  the  solutions  are 
sought  are  of  the  form 


(  f 

a.  u(x.9y)  +  (-1)  u  (x..y)  =  0 


(5) 


3  .  u(x,y  .)  +  (-1Y  u  (x  yy  .)  =  0 

d  d  yd 


where  x ^  <  x^  s  y ^  <  y ^  are  given,  and  ou  ,  3  .  are  nonnegative  constants 
such  that  at  least  one  of  the 

products  {a. 3*| is  not  equal  to  zero.  Subject  to  these  condi- 

^  d 

tions  we  will  show  the  positive  definiteness  of  the  partial  differential 


operator  in  (1.1.14)  and  also  show  that  the  operator  has  a  countable 


sequence  of  eigenvalues  tending  to  infinity, 
this  type  of  boundary  conditions  is  that  when 
reduce  to 


The  interesting  fact  about 

a .  =  3  .  =  00  ,  they 
i  d 


u(x.,y)  =  u(x,y.)  =  0  (i=l,2) 

U  (s 


for  y  ±y  2  anc*  xl  —  x  —  x2  * 


Thus  this  interpretation  gives  us  a 


' 


■ 


■ 
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comparison  between  eigenvalues  of  ( 1.1.14 )  subject  to  two  different  types 
of  boundary  conditions. 


In  Chapter  VI  we  investigate  the  concept  of  Green’s  functions 
for  polyvibrat ing  operators.  These  will  be  found  explicitly  by  use  of 
some  functional  analytic  results.  We  will  also  study  the  variation 
diminishing  property  of  the  Green’s  functions  in  certain  simple  cases. 
The  proof  follows  closely  to  the  one  given  by  R.  Bellman  [5]  for 
ordinary  differential  equations. 


In  Chapter  VII  we  give  generalizations  of  the  results  obtained 
in  previous  chapters  to  higher  order  polyvibrating  operators  of  the  form 


L 


1 


u 


n  2i  2i 

l  — r  (0.  -Mv 

i=0  %xLdyl  'i  9 X* 'by1 


u  = 


[e 


(e. 


e 


d2u 


9 xdy  dxd y  1  dxdy  dxdy 


■)] 


where  the  G.'s  are  functions  with  properties  to  be  specified*  Particularly 

of  interest  is  the  question  of  the  positive  definiteness  of  these  operators. 

( n ) 

These  properties  help  us  in  defining  Hilbert  spaces  ,  which  are 

n  ) 

subspaces  of  the  Hilbert  space  l/^  introduced  in  Chapter  III. 

We  conclude  this  thesis  with  an  up  to  date  bibliography  and  with 
an  indication  of  many  open  problems  which  could  be  pursued  in  future. 


’ 
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CHAPTER  II 

Variational  Problems  Associated  With 

Polyvibrating  Equations 


§1 .  Introduction. 

In  this  chapter  we  consider  the  problem  of  finding  a  function 

o. 

u(x,y)  ,  belonging  to  a  class  of  functions  to  be  specified,  which 
minimizes  the  integral 

rb  rd 

(1)  J[u]  =  f(x>y>u,  u  )  dxdy 

*a  q  y 

and  investigate  the  properties  of  this  minimizing  function.  It  is 
assumed  that  f  is  a  real  valued  function  of  class  C' (R^)  . 


The  above  mentioned  problem  was  originally  suggested  by  M.  Picone 
[21]  and  has  been  extensively  studied  by  D.  Mangeron  [21],  M.  Salvadori  [34] 
and  by  G.  Stampacchia  [37],  Our  presentation  in  this  chapter  closely 
follows  that  of  M.  Salvadori,  with  the  addition  of  some  new  results.  In 
Section  2  we  begin  with  some  notation  and  definitions.  Sections  3  and  4 
deal  with  a  lemma  of  M.  Mason  [24]  and  its  extensions.  First  and  second 
variations  of  J[u]  and  necessary  conditions  for  the  existence  of  a  minimizing 
function  are  given  in  Sections  5  and  6.  Sufficient  conditions  for  the  func¬ 
tional  J [u]  to  have  an  absolute  minimum  are  dealt  with  in  Section  7.  In 

Section  8  we  use  the  results  of  Section  7  to  show  the  existence  and  uniqueness 
of  solutions  of  a  boundary  value  problem  for  Mangeron* s  equations  (1.2.14). 


. 


- 
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§2.  Notation  and  Definitions. 


Let  R  be  the  rectangle  {a  <_  x  <_  b  ;  c  <_  y  <_  d}  in  the  two 
dimensional  euclidean  plane  and  dR  be  its  boundary.  By  we  shall 

denote  the  class  of  all  continuous  functions  u(x,y)  defined  on  R  such 

that  the  partial  derivatives  u  (x,y)  ,  u  (x  ,y) and  u  (x,y)  have  discontin- 

^  y  xy 

uities  only  along  a  finite  number  of  lines  parallel  to  the  axes  of  coordinates. 

(2)  (j) 

UK  will  denote  the  functions  u  such  that  u  belongs  to  Uy  '  . 

xy 

Similarly  will  denote  the  class  of  functions  u(x,y )  e  U ^  such  that 

^2n-2^ 

— —zj — — — y  e  LP  .  The  space  of  functions  u(x,y)  e  '  '  such  that  u  =  g 

3x  dy  (n) 

(given  function  )  on  8R  will  be  denoted  by  U 

9 

By  we  shall  specify  the  subclass  of  functions  u  in 


such  that  all  the  partial  derivatives  u 


ous  in  R  .  Inductively  Y 


( n ) 


,  u  and  u  (x  ,y)  are  continu- 
x  *  y  xy  * 


will  represent  the  class  of  functions 

(n) 


Further  T 


'9 


will  denote  the 


^2yi— 2 

such  that  - — — ■=■  belongs  to  Yy 

functions  u  in  Y  '  such  that  u  =  g  on  the  boundary  of  R  .  Observe 
that  r(n)  c  U(n)  . 


§3.  Mason’s  Lemma. 


In  this  section  we  state  and  prove  the  following  lemma  due  to 


M.  Mason  [24],  which  plays  an  important  role  in  the  calculus  of  variations. 


■ 


16  - 


Lemma  II,  S.  1.  if  f(x3y)  is  a  continuous  function  defined  on  R 


such  that 


rb 


a) 


rd 


a  ^ 


F(x,y)  Uxy 


=  0 


for  all  u  e  U^\  then 

o 


(2)  F(xty)  =  A(*)  +  B(y) 

where  A  and  B  depend  only  on  F  . 


Proof;  Let  (x,y)  e  R  .  Choose  ej*e2  such  that  0  <  K  ^2 

27—  Q 

0  <  <  2~  and  consider  the  functions  z ^(x)  and  z^( y)  defined 

as  follows : 


( 


z^x)  =  { 

\ 


~~  ( x-a ) 
1 

1 

~  C x-x ) 
1 

0 


a  <  x  £  a  + 
a+z^<_xfx-z^ 

x  ~  —  x  —  x 

otherwise 


and 
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/—  (y-e) 


z9(y)  =  \ 


4~  (y-y) 

2 


0 


o  <y  <c  +  e, 

c+e2-y-y~el 
y  -  e2  <y  <y 

otherwise 


(1 ) 

Clearly  the  function  u(xyy)  =  z^(c r)z^(y)  belongs  to  IT  '  and  by  virtue 
of  condition  (II. 4.1)  ,  we  have 


r  brd 


ra+e 


I  I  dydx  =  [ 

'aJe  xy  £Ie2  Ja 


c+e, 


F(xyy)  dydx 


(3) 


x  {a+e2  fx  ft 

_  F(xyy)  dydx  +  I  _  V(xyy)  dydx 

x-e^o  ix-e1iy-£2 

a+e  ry 

J_  F(x  yy)dydx  ]  =  0  . 


a  Jy-e 


Since  F(x,y)  is  continuous,  letting  e^ye2  tend  to  zero,  we  obtain 


F(x,y)  -  F(ayy)  -  F(xyo)  +  F(ayc)  =  0 


which  proves  the  assertion  of  the  lemma. 

We  now  recall  the  following  definition  of  the  concept  of  quasi¬ 
monotonicity  of  a  function  of  two  variables. 


■  . ' 
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Definition  [14],  A  function  F(xfy)  defined  on  R  is  said  to 
be  quasi -monotone  if  and  only  if  the  inequalities  x  _>  x  >  y  >  y 

-L  lj  ±  C) 

imply  the  inequality 


(4) 


V('x2'y2)  ~  "  V('x2'yl)  +  >  0 


The  following  result  is  of  particular  interest  in  the  theory 
of  quasi-monotone  functions. 

+m 

Corollary :  If  r Q  denotes  the  set  of  nonnegative  functions  belong- 

(1) 

ing  to  r  ^  then  a  function  F(x,y)  defined  on  R  is  quasi-monotone  if 
and  only  if 


a 


d 


uxy^x>yy>  dyfo  >  0 


for  all  functions 


u  e 


yd) 

o 


Proof :  The  'if'  part  follows  from  the  lemma  (_ZT.  4. 1)  by  replacing 

(a,c)  and  (x,y)  by  (x^ty^)  and  (x^ty^)  respectively.  In  order  to 
prove  the  converse  assertion,  we  consider  the  function  q(x,y)  defined 
below  which  is  a  continuous  extension  of  F(xyy)  . 


■ 
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F(a,zy) 
f(b,y) 
F(x,d) 
F(x,e) 

q(x,y)  =  {  F(x,y) 

f(a,d ) 
Hb,d) 
F(b,c) 
F(a,e) 


x  <  a  ;  o  £  y  j<  d 


x  >  b  ;  o  _<  y  _<  d 


a  <  x  <  b  ;  y  >  d 


a  <  x  <_  b  ;  y  <  c 


a  <_  x  <_  b  ;  e  <_  y  <_  d 


x  <  a  ;  y  >  d 


x  >  b  ;  y  >  d 


x  >  b  ;  y  <  c 


x  <  a  ;  y  <  o 


Clearly  q(x,y)  is  quasi-monotone  in  R  .  Put 


rOL 


(5) 


q(x,y:  a,  3)  = 


4  a3 


3 


q(x+£,,y+r))  dftdE, 


-aJ-3 


^  rx+ a  rz/+3 


4a3 


tf-or  z/-3 


Then  we  have 


(6) 


(x,y;cL, 3)  =  ^3  [q(x+a,y+$)  -  q(x-a,y+$) 


dxdy 


-  q(x+ayy-$ )  +  <?0r-a,2/-3)  ] 


■ 


■ 


5  - 
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which  is  nonnegative,  since  q(x,y)  is  quasi-monotone  on  R  .  Thus  if 

+m 

u  c  U  we  have 
o 


(7) 


qxy(x’y; a,(3)  u  = 


q(x>y;  a, 3) 


w  dxdy  >  0 
xy  y  - 


because  u(x,y)  vanishes  on  the  boundary  9R  .  Taking  the  limit  as 
a, 3  tends  to  zero,  we  obtain  q(x,y; a, 3)  q(x,y)  and  consequently 


fd 

F(x,y)  u  dxdy  >  0  . 

a*Q  y 


This  completes  the  proof  of  the  second  part  of  the  corollary. 


§5.  The  First  and  Second  Variations  of  J  . 


As  usual  we  denote  the  partial  derivatives  of  f(XiyyU,v)  by 


f  y  f  y  f  ,  f  •••  etc.  Let  U 
x  Jy  Jxy  Jyy  g 


( 1 ) 


functions  and  let  u  £  U 


00 


and  w  e  U 


be  the  class  of  admissible 

(1) 

.  Choose  6  >  0  such  that 


9  0 

the  function  u  +  £.W  is  admissible  if  e  is  on  the  range  -6  <  e  <  6 
Clearly  the  function 


00 


F(e)  =  J[u  +  zw]  = 


f  f  f{XyyyU+zWyU  +£W  )  dxdy 

a  g  y  y 


is  in  the  class  C"(-<5,6).  The  derivative  Ff  (o)  of  F  at  e  =  0  ,  which 
is  called  the  first  variation  of  J  at  u(x,y)  ,  is  denoted  by  J' (u,w) 
By  differentiating  (11,5.1)  with  respect  to  e  at  e  =  0  ,  we  obtain 
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(2) 


J' [uyw] 


b  rd 

*a^c 


dxdy 


where  the  arguments  in  the  partial  derivatives  of  f  are  (xyyyuyu  )  . 

xy 

The  second  variation  of  J  along  u  is  denoted  by  the  symbol  Jn(uyw)  . 
It  can  easily  be  shown  that 


(3) 


J"(U,M )  = 


'aJ 


2W(xyyyuyu  )  dxdy 
xy 


where 


2  lti(xyyyuyu  )  =  f  w^  +  2  f  ww  +  f 

xy  J  u  u  J  uv  xy  J  vv  xy 


and  the  arguments  of  the  derivatives  of  f  are  ( xyyyuyu  )  . 

xy 

(1 ) 

Lemma  II. 5.1.  Given  a  function  u  £  U  there  is  a  unique 

(1) 

z  e  IT  such  that 
o 


(4) 


J'  (UyW)  =  ((WyZ)) 


for  all  w  £  j  where 


rb  rd 


(5) 


((W,2))  = 


a  Jc 


w  z  dxdy 
xy  xy  J 


The  function  z(xyy)  is  defined  by  the  relationship 


(6) 


z(ayy)  =  z(xyc)  =  z(ayc )  =  0 
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and 


(7)  zxy(x’y)  =  fv(x'y'u'uxy)  + 


•X  ry 

fu(Z*r\,u,Ur  )dE,dr]  -  A(x)  -  B(y)  +  C 
a  *q  ^r| 


where 


1  (d 

A(*)  =  X(x,y)  dy 

i  ib 

B(y)  -  (b_a)  j  x(*.a) 


and 


C  = 


(£>-a)  (d-e) 


X(x>y)  dxdy 


JaJ 


x(x>y)  =  fv(x>y>u>uxy )  + 


■2/ 


'a' 


(i) 

Proof:  First  we  establish  (II. 5. 4)  .  Let  weU  .  Then, 

-  o  ’ 


since 


w(a,y)  =  w(byy)  =  w(a;,<2)  =  w(xyd )  =  0 


we  obtain 


&?  (#,w) 

JCZ/  ^ 


fxry 

[  fud£>dr\  -  A(x)  -  8(2/)  +  C]  dxdy  = 
■'a  •'t? 


(5) 
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The  left  hand  side  of  (1.5.8)  is  equal  to 


(5) 


d 


'aJ 


w  [-f 

xy  J  v 


z  ] 

xy 


dxdy 


by  virtue  of  (1.5.7).  Hence,  combining  (1.5.8)  and  (1.5.9) 

follows.  We  now  show  uniqueness  of  function  z(x,y)  .  If 

( 1) 

two  functions  Zj  and  z 2  in  1  such  that 


((w,z2))  =  ((w,z2))  , 


then  we  would  have 


((w,z2-z2))  =  0  . 


Hence,  taking  w=z  -z9>vre  obtain 

±  Cl 


(z.  -  zn)  =  0 


dxdy  1  2 


except  perhaps  at  the  discontinuities  of  -g— (z^-z^  and 


zn(x,y)  -  z9(x>y)  =  C(x)  +  V(y) 


,  the  result 
there  were 


therefore 


C  ,  V  are  arbitrary  functions  of  x 9y  .  But  the  boundary  conditions 


' 
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(II. 5. 6)  imply  that 


z2(x,y)  =  z2(x,y) 


and  this  completes  the  proof. 

* 

\ 

Theorem  II.  5. 2.  If  a  function 

then 


o 

u(x,y) 


e  U 


GO 


9 


minimizes 


(i)  J'(u,w)  =  0  and  >_  0 

for  all  w  e  : 

o 

(ii)  J'(u,w )  =  0  holds  for  all  w  e 
if  and  only  if 


o 

fv(*>y)  + 


didr]  =  A(x)  +  B(y)  -  C 


where  A(x)  ,  B(y) 
o 

fu(x>y )  denote  fv 


o 


and  C  are  as  defined  in  lemma  1.5.1.  fv(x 


(x,y  ,u,u  )  and  f  (x f  ,u,u  )  respectively 


o  Cl) 

Proof:  Suppose  that  u(x,y)  minimises  J[u]  in  UK 

9 

function  F(e)  in  (II. 5.1)  with  u  =  u(x9y)  has  a  minimum  at 
Hence  it  follows  that 


(10)  F1 (0)  =  J'(8,w)  =  0  and  J"(u,w)  >  0  . 


J[u]  3 


,y)  and 

• 

Then  the 

e  =  0  . 


'  -  <  v ;  -  (tt)A  g  :  l  . 


- 
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This  proves  the  assertion  (i) . 

The  proof  of  part  (ii)  follows  from  (II.  5.10)  and  from  lemma 
(JJ . 4 . 1) ,  the  extension  of  Mason’s  lemma. 


§6 .  Weierstrass’  Necessary  Condition. 


Let  E(x ,y ,u,u  ,v)  be  a  function  defined  by  the  equality 

xy 


(1)  E(x9y  9u9uxy9v)  =  f(x9y,u,v)  -  f(x9y9u9u^ )  -  (v-u  )  fv(x9y9u9u  ) 


Theorem  II.  6.1.  Suppose  the  function  u(x9y)  e 
functional  d[u]  .  Then 


minimizes  the 


(2) 


E(x,y 9u9u  9v)  >  0 


holds  for  all  (x9y9u9u  9v)  such  that  (x9y>u9u  )  are  evaluated  along 

ccy  xy 

u(x,y)  and  (x,y,u9v)  is  a  4-vector. 


/  -j  \  _ _ 

Proof:  Let  u(x yy)  e  IT  '  .  Consider  a  point  (x,y)  £  R  which 

kJ 

does  not  lie  on  any  line  of  discontinuity  of  u  ,  u  >  u  .  Define 

x  y 


u  =  u(x9y)  ,  v  =  u  (x9y)  . 


Choose  v  and  6^  >  0  such  that  (x9y9u9v)  is  admissible  and 


' 


- 


for  0 


<P0 v,y) 


Put 


Then , 
u(x,y) 

(3) 
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x  +  /6  <  b  ,  y  +  / 6  <  d 

£  <5  £  <5^  .  Let  0  <  £  <  1  .  Consider  the  auxiliary  function 


(x-x) (y-y) ( v-v ) 

x<x<x+/e6  ; 

y  Ky  -zy+ZeS 

/j_e  (x-x) (y+6-y) (v-v) 

y+/c&<y  <y+/6 

/  1-e  (y  y^x+6  x)(v~v) 

x+/e6~  <x  <x+ /& 

;  #<2/<2/+i/eT 

2  e  (y+&~-y)  (x+/&-x)  (v-v) 

x+/e6~  <x  <x-f/6" 

;  yWe8<y<y-\V  6 

0 

otherwise 

u(x,y;£y&)  =  u(xyy)  +  <$>(xyy)  . 

can  easily  verify  that  u(x  yy  ;£y&)  is  admissible,  and  since 
minimi  es  J[w]  we  have 

J[u(x,y;£y&)  ]  -  J[S(x,z/)]  =  G2  +  G2  +  ^  0 


where 


. 


f 
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Gi  = 


rx+/e6  fy+/e6 


J  x 


y 


if(x9y  9u(x9y  9z96)  yu  +(y-y))  -f(x,y,u,u  )}dxdy 

xy  xy 


G2  = 


X 


+/  6  rzy+/6  . - 

_  , _  {/(a?»2/,M(a?,i/,e,6),S  -  J 

yWzE  xy  v  i_e 


(v-v))  -  f(x,y ,8,8 )}dxdy 

xy 


Gz‘ 


rx+/&  ry+/& 


x+/e6' 


y 


{f(x9y,u(x9y9e9< S),fi  -  (v-v)  - 


f(x,y,u,u  )} 

j,y 


G4  = 


rX+/6  ry-W  6 

L  , _ _  {/G»»2/»w(*»2/,e,<5),M  +  7  c 

^+/E6Jz/+/E6  ^  J"e 


(y-y))  -  f(x,y,u,u  )}dxdy 

xy 


By  virtue  of  (II. 6 . 3) >  we  have 


Um  Jl^(^-i/.>£»6)]£6  Jt-“(a?^)]  =  f(x,y,u9v)  -  f(x,y,u,v)  + 


6+0 


+  2 


f(xiyiu9v-r\1(v-v))  -  f(x,y,u,v) 


where 


f(x,y  ,u9v+t)9(v-v))  -  f(x9y9u9v ) 


n, 


n-,  =  n0  = 


2  1-e 


Letting  e  +  0  ,  which  implies  r\^  +  0  and  r) ^  +  0  9  vre  obtain 


. 
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lim 

e+0 

6+0 


J[u(x,  y;e,6)]  -  J[u(x,y)  ] 

eS 


E(X  ,y  ,UyV  yv)  _>  0 


which  completes  the  proof  of  the  theorem. 


§ 7 .  Sufficient  Conditions  for  the  Existence  of  an  Absolute  Minimum. 

In  the  previous  two  sections  we  have  assumed  the  existence  of 
a  minimum  of  the  functional  J  in  a  specified  class  of  functions  and 
investigated  the  properties  of  the  corresponding  minimizing  function. 

In  this  section  we  investigate  the  conditions  which  ensure  the  existence 
of  an  absolute  minimum  of  a  functional  1 [u]  .  As  is  well  known  this 
type  of  theorem  was  studied  by  Tonelli  [  3  ]  in  the  case  of  simple 
integral  problems  of  the  calculus  of  variations.  A  particular  case  of 
our  problem  has  been  studied  by  G.  Stampacchia  [37]. 

Specifically  we  consider  the  problem  of  the  existence  of  an 
absolute  minimum  of  the  following  general  Bolza  type  functional 

(1)  I [u]  =  $[u(ayy)  ,  u(x,o)]  +  f(x,y9u9u  )dxdy  . 

The  functional  I  [u]  is  defined  on  the  class  \)  of  functions  u(x ,y) 
which  are  absolutely  continuous  in  the  sense  of  Vitali  in  R  (cf: 
Definition  1.1.3 )  and  which  are  such  that 


u(x,d)  =  fj(x) 


(2) 


u(b,y)  =  g  j(y) 


9 


. 
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where  f ^(x)  and  £7^(2/ )  are  absolutely  continuous  functions  defined 
a  ^  —  b  and  o  <_  y  d  respectively.  Clearly  1/  is  an  infinite  set. 

All  the  integrations  considered  in  this  section  are  in  the 
sense  of  Lebesgue.  The  function  f(x>yiuiv)  is  of  C1 (GxR)  ,  where 
G  is  a  closed  set  in  three  dimensional  space.  The  function  $(x,y)  is 
assumed  to  have  a  finite  lower  bound.  We  also  assume  that  there  exists 
constants  a  >0,6,  and  p  >  1  for  which 


(2) 


f(x,yyu9v)  >  a\v\p  +  3  . 


First  we  have  the  following  observations.  The  assumptions 
concerning  the  function  $  and  the  condition  (II. 7.  3)  for  arbitrary 
u  £  1/  gives  us  that 


(4) 

where 


I  [u] 


>  &(b-a)(d-o )  +  a 


dxdy  +  Y 


y  =  min  $ 


Hence  we  have 


y  =  inf  J[u]  >_  $(b-a)  (d-o)  +  Y  . 
ue  1/ 
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This  ensures  the  existence  of  a  minimizing  sequence,  which  we  shall 
designate  by  {w^}  .  The  sequence  can  chosen  in  such  a  way 

that 


l[un]  <  J[u2)  =  A  (n=l,2,3,---) 


In  this  case  the  relation  (II. 7.4)  yields  the  inequality 


a 


r\2U 

9 _ ft|p 

dxdy 


dxdy  <  A  - 


3 (b-a) (d-o)  -  y 


So , 

(5) 


there  exists  a  positive  constant  8 


vr  a  n\  dxdy  < 
dxdy 1  3  — 


such  that 


(n=l ,2,3,9 • •) 


The  main  objective  of  this  section  is  to  prove  the  following 
theorem  whose  analogue  for  simple  integral  problems  is  well  known  [3], 


Theorem  1.7.1.  Let  1/  be  the  class  of  functions  defined  as  above 

ccnd 


(i)  f(Xiy,u,v)  ,  in  addition  to  the  above  assumptions ,  is 
continuously  differentiable  twice  with  respect  to  v  and  fv(x,y,u,v) 
is  a  nondecreasing  function  of  v  for  (x,y,u)  e  G  and  all  v  . 

(ii)  The  continuous  function  §(u(£,,y) , u(x,p) )  has  a  finite 
lower  bound  when  £  =  a  and  r)  =  c  . 


■ 
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that 


(iii)  There  exists  constants  a  >  0  ,  8  and  p  >  1  such 


f(x9y,u9v)  >  a  \v\P  +  3  . 

Then  the  functional  I  [u]  has  an  absolute  minimum  \i  on  V 
and  there  exists  a  function  u  e  (/  such  that 

(8)  I  [u]  =  y  • 


Proof:  The  proof  will  be  established  as  a  combination  of  the 

following  lemmas. 

Lemma  II.  7 .  2.  If  {z^}  is  a  sequence  of  functions  belonging  to 

l f  such  that 


( 7 ) 


tb  fd  3  u  n 

n'  dxdy  <  Lp 


' aJc 


3a:3  y 


then  we  can  select  a  subsequence  of  { un }  converging  uniformly  to  a 
function  u(x  9y)  belonging  to  V  and  such  that 


(8) 


Wl  **  1  aP 


Proof : 


Consider  the  following  relations 


. 
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un(x+h,y+k)  -  un(x,y+k)  -  u(x+h,y)  +  u„(x,y)  |  = 


n 


ny+k  r.2 

_±_u 

a  ran 


for  a  <_  x  <  x+h  _<  b  and  a  <_  y  <  y+k  _<  d  .  Applying  Holder's  inequality, 
we  obtain  the  inequality 


(9) 


un(x+h,y+k)  -  un(x,y+k )  -  u^x+h.y)  +  u^x.y)  |  < 


—  rX+h  ry+k  d^U  r>  — 

<  ( hk )q  {[  [  dxdy]  q 


'x  Jy 


dxdy 


- 1 - =  1  .  Hence 

P  <? 


1  1 

I  un(x,y)  -  un(b,y )  -  u^x.d)  +  un(b,d)  \  <  (b-a)q  (d-a)q  B  . 


Further  we  have 


(i^(x",z/M)  -  u^x'  ,y'))  =  (un(b,y")  -  u^b.y'^  +  (u^(x"  ,d)  -  u^ix' ,d)) 


n 


n 


n 


n 


n 


+ 


rd  d  U 


x"J 


b  rd  d  U 


y 


y— ^  d^dx]  -  I  I  d^dx\ 

.r  9?3n  9?9n 


=  (^GT)  -  gjiy'))  +  (/3(*m)  -  ^C*')) 


■X 


X 


If  „ 4 tf 


■2/"  9  * 


n 


ii  ^  ^ 

•y  d  u 


y 


d^dx]  - 

»  9^9n 


n 


rx"  rd  d  u 


y 


dZdr) 


d^dx]  - 


x 


n 


y 


>i  9£9n 


dE,dx] 


•  -  ■ 


Therefore 


un(x",y")  -  un(x',y’)  |  <  |  g^y")  -  g^y')  |  +  |  f^x")  -  /3(x’)| 

1_  1_ 

+  8{[(x"-x')(y"-y')]<?  +  [  (b-x")  (y"-y'  )  }q  +  [  (x"-x' )  (d-y")  ]  , 


by  virtue  of  Equation  (II. 7.  7)  and  (II. 7. 9)  .  Since  g 2(y)  and  f2  (x) 
are  uniformly  continuous  on  o  <  y  <  d  and  a  <  x  <  b  ,  respectively, 


{z^}  is  a  uniformly  bounded  equicontinuous  family  of  functions;  thus  we 
can  select  a  uniformly  convergent  subsequence  by  the  Arzela-Ascoli  theorem, 
Without  loss  of  generality  we  can  assume  that  {zz^}  itself  converges 
uniformly  to  a  continuous  function,  say,  u(x  ,y)  .  This  proves  the  first 
part  of  the  lemma.  To  prove  the  second  part  of  the  lemma  we  have  to  show 


n 


n 


1_  1 

<  ( x"-x')q  ( y"-y')q  [ 


on 

R 

and  satisfies 

(II. 7.8 ) 

:  x" 

1  £ 

and  c  <  y'  < 

y"  <  d  , 

■n(  *'\y') 

+  ,2/')  1 

< 

f 

f  | 

1 

a  U  n  — 

n  1  f 

dxdy  ' 

^x'  • 

V 

by  virtue  of  Equation  (II. 7. 9).  Let  {R.}._ -  be  a  set  of  nonoverlapping 


i  z=l 

subrectangles  in  R  with  vertices  (x'.,y\)  and  (x'.',z/.')  as  the  opposite 

Is  is  u  u 


corners.  Using  the  notation 


r>Q  |  I - - 


!  t  -rtiul 
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we  can  write  that 


m 


m 


II  f  VVI  -  X. 

^=i  ^=l 


l  i_ 


x'l  y" 

r  Z  ' 


X 


»  J 

i  “z 


y. 


,2 

9  W 


dxdy 


n\ Pf 


Then  Holder's  inequality  for  sums  [5  ]  yields 


m 

I 

i=l 


F  (R.) 

M  ^ 

n 


m  —  m 

<  [  l  {x"-x'){y"-y')f  [  l 


x'l  y".  ,2 

r  Z  rZ  9  U 


Z=1 


z=l  Jx\Jy\ 
z  °  z 


dxdy 


H\P 


dxdy ] 


1_ 

P 


m 


<  B[  I  (x".-x\)(y".-y'.)]q 

—  •  ~  z  zazaz 

z—1 


Taking  limit  as  n  ->  00  and  using  the  uniform  convergence  of  { u  }  to 

n 

u(x ,y)  ,  we  establish  the  absolute  continuity  of  u(xty)  in  the  sense  of 
Vitali  in  R  . 

Further  it  follows  from  Equation  ( IT. 7.7),  that  the  inequality 


rb  td  3  2u  - 

n\ P}P  <  B 


*a  ]q 


dxdy 


holds  for  all  n  ,  and  we  have 


u  (x+hyy+k)  -  u  Cxfy+k)  -  u  (x+h,y)  +  u  (xyy)\  < 

ri  • L  i  i  *  1/ 


-h  ry+k  9  “u  r> 

(. hk)q  {  |  |  P  didnf 


'x 


y 


9£9n 


for  a  <  x  <  x+h  <  b  and  o  j<  y  <  y+k  <  d  ,  which  implies  the  inequality 


' 
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2 

\hk  [un(x+h>y+k)  -  %&,y+k)  -  un(x+h,y )  +  un(x,y)]\p  < 


±4 


rX+h 


'  X 


•y+k  3  u 


y 


9^3n^  d^dT]  -  hk 


rh 


}0 


k  9‘ 


0 


d  U 

|  (x+£,z/+n)  \P  dE,dr\ 


Integrating  both  sides  of  the  above  inequality  over  the  rectangle 
{a  <_x  <_x  ;  o  <_  y  <_  y}  with  a  _<  x  <_  b  ;  c  <_  y  <_  d  ,  and  using  the 
uniform  convergence  of  the  sequence  { u }  to  the  function  u  ,  we  obtain 

p  dxdy 


x 


Ja 


ry 


ru(x+h  ,y+k)  -  u(x>y+k )  -  u(x+h,y)  +  u(x,y)  n 

L  hk  J 


Since  u(x,y)  is  absolutely  continuous  in  the  sense  of  Vitali  on  R  ,  the 

integrand  tends  to  u  (x>y)  a.e.  Hence,  by  an  obvious  extension  of  the 

xy 

Lebesgue  dominated  convergence  theorem  to  functions  of  two  variables,  we 

can  easily  show  that  u  (x,z/)  satisfies  Equation  (II  .7 . 8) .  This  completes 

xy 

the  proof  of  the  lemma  (1.7.2). 


The  next  lemma  gives  us  further  information  about  the  convergence  of 


9  u 


of  the  sequence  { 


n- 


3x9  y 


Lemma  II.  7.  3.  Let  { u  }  and  u  be  as  in  Lemma  I.  7. 2.  Then  the 

-  n 


~2 
9  u 


~2 
9  u 


sequence  converges  weakly  to 


in  L  (R) 

P 


Proof : 


We  have  to  show  that  the  relationship 


' 


' 


' 
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[ b 

lim 

n-*x>  Ja 


d  3  u 


^4  x(x’U'>  ted-y  = 


b  rd  ^2 

o  X<*.2f>  dxdy 


Ja 


holds  for  any  x  £  L  (R)  •  Given  )(  e  [  (R)  and  e  >  0  ,  we  can  find 

»  I 

a  polynomial  ?^(x,y)  of  degree  W(e)  such  that 


|X(^,Z/)  "  PW(X,2/)|^  dxdft/  £  Zq  . 


'a 


Further  we  have 


(20) 


{ 


32 


rD  rCL  d  U  ~2  D  — 

I _ «  _  1_H_|P 

1  9x3 y  3x3 y  1  J 

CL  G 


<2  B 


by  virtue  of  (II. 7.  7)  and  (II. 7.  5),  and 


•b  fd  3  u  r.2 

(x(x,y)  -  v^(x,y))  dxdy  \  < 


a  ' 


'3x3zy  3x3z/' 


<  [ 


rb  rd  3  u  r,2  n 

n  3  u 


laJ 


3x3z/  3x3  y 


a 


d 


dxdy]P  [  | x(x,y)  ~  V^(x,y)\q  dxdy] 


<  2  B  e 


by  virtue  of  Holder's  inequality.  Hence 


lim 

n-x»  *a 


•b  rd  3 2u  ~2 

a{^i  -  x(w>p)  ** 


Id  d  2 

<  2  Be  +  Km  |  j  f  V*.V>  tfefe 

«-*»  Ja J  o 


•'Q  I 
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Therefore  it  is  sufficient  to  show  that  the  equality 


lim 

71-+°° 


{ _ * 

Xdxdy 


o  U 
dxdy 


}  P(x,y)  dxdy  =  0 


holds  for  any  arbitrary  polynomial  p(x,y)  .  To  do  so,  consider  the 
identity 


(u  -u)  T— ? - P  7--  ~  ( u  -u) 

n  dxdy  r  dxdy  n 


-  it; 1  ( vM)  If ]  +  if  [  (i \~u)  If1 


'dxdy  [(Vw)P] 


which  yields 


rb  rd  9  w  ~  2 

r  72  u  1A>  -*  i  7 

P  dxdy  = 


'a 


'9a;9z/  9j:9i/ 


b  rd 


a  J  o 


d2 

(un~u)  dxdy 


'a 


l(un'u)  If  - 


(Mn“M)  If  (a9y)]  dy 


' a 


l(un-u)  g  (x.d) 


( Vu)  If  (x>e)  1  * 


+  F,  \  [R] 

(un~u)p 


Then,  the  result  follows  from  the  uniform  convergence  of  the  sequence 

{ u  }  to  the  function  u  . 
n 


' 
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Lemma  I,  7.5.  Let  f(xiyiuiv)  be  a  function  such  that 3 
f ytx *y ts  a  nondeereasing  function  in  v  for  (x,y,u)  £  G 
_oo  <  y  <  oo  .  iet  iu  }  and  u  be  as  above.  Then 


C 11) 


y  =  lim  I [u  ]  _>  I[u] 
n-**>  n 


Proof :  We  shall  give  a  proof  which  resembles  the  well  known  proof 

in  the  case  of  simple  integral  problems.  (cf:  N.I.  Akhiezer  [<5]). 

Let  us  denote  by  the  set  of  points  in  R  at  which 


(12) 


I uxy (x,y)  I  1  W 


Consider  the  identity 


(13)  f(x9y  >un*un  )-3  =  if(x>y,u,u  )-$}  +  (f(x>y>un>un  ) 

xy  **  xy 


-  f(x9y9u  9u  )}  +  { f(x9y9u  ,u  )  -  f(xiyiutu  )} 
J  *  n  xy  J  *  n  xy  J  J  xy 


where  3  is  the  constant  which  appears  in  the  formula  (II. 7. 3).  Because 
u  (x ,y)  converges  uniformly  to  u(x,y)  ,  we  can  find  N(e)  such  that  for 
arbitrary  £  >  0  and  for  n  >  N(e) 


I f(x >y >un>uxy)  ~  f(x>y>u>uxy') 


<  £ 
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at  every  point  of  .  Hence  the  relation  (II. 7. 12)  implies  that  for 
n  >  A/(e) 


(14) 


"M 


m  ) - 3 } ticcfz/  _>  II  if(x,y,u,u  )-$}dxdy  + 

xy  J  J 

f  /j  {f(x>y>un>un  )  ~  f(x>y,un,u  )}dxdy  -  e(b-a)(d- 

em  xy 


■c) 


On  the  other  hand,  the  monotonicity  of  fv(x9y,u,v)  yields  the  inequality 


(15) 


nx,y,un,un^)  -  f(x,y,un,uxy)  >  V 


Because  f(xiy3u^iu^  )-$  >  (9  ,  inequality  (II.  7. 13)  implies  that 


(16) 


xy 


d 


aJ 


if(x,y ,u  ,u  )-$}dxdy  > 

r i  fi 

c  xy 


{f(x,y  yu,u  )-$}dxdy  + 
w  xy 

M 


+  He.  (\IU*d  fv(x’y’un>uxy)dxdy  -  z(b-a)(d-c) 


:M  xy 


(f(x,y,u,u)-$}dxdy  + 
f  xy 


(u  -u  ) [f  (x.y .u  .u  ) 
c  n  xy  J  v  ’  n*  xy 


-  fv(x,y,u,u  )}dxdy  +  ( un  -u )  f  (x,y ,u,u  )dxdy  - 

Euxy  y 


-  z(b-a)(d-c) 


' 

■ 


. 
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9  ~2 

But  due  to  the  weak  convergence  of  to  i~-  in  L  (R)  we 

oxdy  dxdy  p 

can  see  that  the  second  integral  in  the  right  hand  side  of 

the  equality  in  (II. 7. 16)  tends  to  zero.  On  the  other  hand,  with  the 
aid  of  Holders  inequality  and  formula  (II. 7. 10),  we  can  write 


The  difference 


fV(X*y*Uy,>UWJ)  ~  f^(X,y  yUyU^) 


n  xy  *  v 


xy 


converges  uniformly  to  zero  on  the  set  as  n  -*  00  .  Thus 


lim 
n -*» 


(u  -u  )  {f(x,y,u  9u  ) 
r  n  xy  J  v  ^  n  xy 
Eu  xy  v  * 


fv(x>y  )}dxdy  =  0 


After  passage  to  the  limit,  inequality  (II. 7. 16)  becomes 


rbrd 

lim  {f(x,y,un,un  )-$}  dxdy 

n -*»  xy 


> 


{f(xiyiuiu  o  )-3 }dxdy  -  e(b-a)(d-o) 
)  Jn  xy 


'M 


or 


i  .  j  ]|  Li 
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y  >  i '(u(.x,c),u(a,y))  +  ff  ifte,y,u,uml)- 6}  +  (B-e)  (b-a)  (d-o) 

j  j  r  xy 


"M 


Hence  by  increasing  M  to  infinity  we  obtain 


y  >  $(u(x,c)tu(aty))  +  [  f  if(x,y9u9uwj )-$)dydx  +  (3 -e) (b-a) (d-o) 


or 


J[u ]  £  y  +  e (b-a) (d-o) 

Because  e  >  0  is  arbitrary,  the  proof  of  lemma  1.7.5  is  completed. 

§ 8 .  Solution  of  a  Boundary  Value  Problem  for  a  Fourth  Order  Polyvibrating 

Equation. 

In  this  section,  as  an  application  of  the  results  established  in 
the  previous  sections,  we  shall  prove  the  existence  and  uniqueness  of  the 
solutions  of  a  polyvibrating  equation  of  the  fourth  order  subject  to  certain 
boundary  conditions.  More  specifically  we  shall  investigate  the  absolutely 
continuous  solutions  of  the  polyvibrating  equation 

a>  dsy  +  ■  *<*•»> 


in  R  ,  subject  to  the  boundary  conditions 
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u(a,y)  =  Vjiy)  u(b,y)  =  V„(y)  ( a<y<d ) 

(2)  < 

.  w(x,e)  =  X2(a:)  u(x,d )  =  X  (x)  (a<x<£>) 

We  assume  that  X.(x)  and  V-(y)  are  absolutely  continuous  functions 
such  that 


(3)  t'jW)  =  X2(a)  ,  Xj(a)  =  ^(c)  ,  Xg(fc)  =  ^(d)  ,  X2(&)  =  ^(o)  . 

Further,  6 (x,y)  >  0  ,  p(x,y)  >_  0  and  g(x,y)  are  assumed  to  be  continu- 
ous  functions  defined  on  R  .  It  can  easily  be  seen  that  the  equation 
(II. 8.1)  is  the  Euler-Lagrange  equation  of  the  quadratic  functional 


(4) 


Uu] 


2  2 

[0  u  +  p(x,y)u  -  2gu ]  dydx 

a*  c  y 


over  the  class  \J  of  the  functions  absolutely  continuous  in  the  sense  of 
Vitali  in  R  and  satisfying  the  boundary  condition  (II. 8. 2).  In  this 
case  we  have 


2  2 

f(x,y,u,v)  =  Q(x,y)v  +  p(x,y)u  -  2g(x,y)u  . 

First  we  shall  show  that  to  find  a  minimum  for  the  functional  I  [u]  on  \j  , 
we  can  restrict  ourselves  to  the  functions  in  1/  such  that 


(5) 


-m  <  u  <  m 
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For  this  purpose  let  us  take  a  function  uq  which  satisfies  the  boundary 
condition  (II. 8. 2).  For  example,  let 

u0(x>y)  =  [X2(ar)  +  V2(y)  -  (a)  ] 

+  £§  [X2(x)  '  Va)  -  +  Xj(a>) 

+  Pa<«)  -  vgto  -  Vjfy)  +  ylM] 

-  t-%  [V«  -  Ve>  -  Vd>  +  Vjitn  ■ 


Put  l[u q]  A  .  To  find  the  minimum  of  the  functional  we  can  restrict 
ourselves  to  the  admissible  functions  u  £  1/  for  which 


I [u]  <  A  . 


Since  p(xyy)  >  0 


dxdy  A  +  2 


g  u  dxdy 


aJ  c 


which  implies  the  inequality 


. 
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(7) 


d 


'aJ 


UTV  dxdy  <  A  +  A  |M| 
xy  1  2  1  1  max 


where  A^  ,  A^  are  well  defined  constants.  On  the  other  hand,  the 
equality 


rx  ry 

u(x,y)  =  X^x)  +  Vjty)  -  X^a)  +  u  dxdy 


yields  the  inequality 


(5)  \U\max  -  ™^IX7^)  +  (z/)  "  X7(a)  |  +  Sjb-a)  ( d-c ) 


rb  rd 


aJo 


u  dxdy 
xy  s 


Comparing  the  relations  (II. 8. 6)  and  (II. 8.7)  we  obtain 


(5) 


lwLo*  -  M1  +  Afc-a)W-c)  {A^  +  A,,  |u|  } 


Therefore  we  obtain 


w  <  m 
'max  — 


where  m  is  the  constant  whose  value  can  be  easily  found  by  solving  the 

quadratic  equation  with  respect  to  \u\  .  Thus  the  function  u  =  u(x,y ) 

max 

satisfies  the  inequalities  (II. 8. 5).  Clearly  we  have 


f(x,y,u,v)  >av 


2 


+  6 


. 
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in  G  ,  whe  re 

01  =  Qmir,  6  =  -  M9\ 

min  IC7  'max 

Hence  the  condition  (II. 7.  3)  of  theorem  II. 7.1  is  satisfied  at  each 
point  of  the  region  G  for  arbitrary  but  finite  v  .  The  monotonicity 
condition  for  f  is  also  satisfied  because  of  the  equalities 


fv(x>y,uyv)  -  2  Q(x  ,y)v  ;  fvv(x,y,u,v )  =  Q(x,y)  >  0 

Hence  by  Theorem  II. 7.1  there  exists  a  function  u(x,y)  ,  absolutely 
continuous  in  the  sense  of  Vitali  in  R ^  with  its  mixed  derivative 
Uxy  ^ )  e  ^2^)  >  f°r  which  the  functional  l[u]  assumes  its  absolute 
minimum  on  [/  and  such  that  it  satisfies  the  equation  (II.  8.1)  a.e..  This 
proves  the  existence  of  a  solution  to  the  boundary  value  problem  (II.  8.1)  - 
(II.  8.  2)  . 


To  show  the  uniqueness  of  the  solution  we  proceed  as  follows. 

If  there  were  two  solutions  u ^  in  l /  then  the  function  V  =  u^-u^  , 

would  satisfy  the  homogeneous  equation 


(10) 


dxdy 


~2 

(0(^,z/)  +  p(x,y)v  =  0 


and  the  homogeneous  boundary  condition 


■  ’  b 
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Multiplying  the  expression  (II. 8. 10)  by  v  ,  and  integrating  by  parts, 
we  find 


fb[d  2  2 

I®  +  py  1  dxdy  =  0 

JaJ  o  y 

which  is  possible  if  and  only  if  v(xyy)  =  0  by  virtue  of  our  assumptions 
about  the  functions  9  and  p  .  This  proves  the  uniqueness  of  the  solu¬ 
tion. 
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CHAPTER  III 

Existence  Theorems  for  Polyvibrating  Equations 
Using  a  Hilbert  Space  Approach 

§0 .  Introduction . 

In  this  chapter  we  generalize  the  work  of  F.  Manaresi  [20]. 

F.  Manaresi  has  considered  the  following  Sturm— Li ouvi lie  problem 

2  2 

(1)  3^  <0(x,y)  +  p(x,y)u  =  A  u  . 

(2)  u(ayy)  =  u(bty)  =  u(xyo)  =  u(xyd)  =  0 

where  Q(xyy)  >  0  is  a  continuous  function  defined  on  R  such  that 

>  ^y(^»y)  »  are  all  continuous  in  R,  while  p(xyy)  >  0 

is  a  continuous  function  defined  on  R  .  In  this  chapter  we  consider 
the  same  problem  but  the  assumptions  on  Q(xyy )  are  consider¬ 
ably  weakened.  There  Q(x,y)  ,  p(xyy)  are  measurable  func¬ 

tions  belonging  to  L ^ (R)  and  p(x,y)  is  a  positive  function.  We  assume 

there  exists  a  constant  0  such  that 

c 

(3)  d(xty)  >_  Qq  >  0  . 

Due  to  the  assumptions  on  Q(xyy)  the  partial  differential  operator 
(III. 0.1)  should  be  first  considered  as  a  formal  partial  differential 
operator.  Thus  the  partial  differential  equation  is  a  differential  equa¬ 
tion  in  a  generalized  sense  which  will  be  made  explicit  in  the  following 


. 


. 


-  48  - 


section.  The  motivation  for  this  comes  from  the  similar  work  done  in 
the  case  of  elliptic  partial  differential  operators  of  the  second  order. 
In  this  regard  we  refer  to  the  book  by  S.  Agmon  [ I ] .  In  Section  1  we 
state  without  proofs  some  theorems  from  functional  analysis.  Next  we 
prove  the  properties  of  a  suitable  Hilbert  space  ,  in  which  our 

problem  will  have  a  solution.  Sections  3,  4  and  5  are  concerned  with 

the  characterisation  of  the  Hilbert  space  l .  Sections  6  and  7  are 

o 

devoted  to  the  study  of  a  generalized  Sturm-Liouville  problem. 

§1.  Positive  Definite  Operators. 

In  this  section  we  state  without  proofs  some  properties  of 
positive  definite  operators.  The  proofs  can  be  found  in  the  book  of 
S.G.  Mikhlin  [26], 

Let  H  be  a  Hilbert  space  over  the  reals  and  let  A  be  a  symmetric 

linear  transformation  defined  on  a  linear  subspace  M  which  is  dense  in  H  . 
The  inner  product  in  H  will  be  denoted  by  the  usual  notation  (u,v)  for 

u  ,  v  e  H  . 

Definition  III. 1.1.  A  is  called  strictly  positive  definite  on  M 
if  and  only  if  there  exists  a  positive  constant  y  ,  such  that 

(1)  (A  u,u)  >  y2  ||u||  2  ,  u  e  M  . 

Then,  following  K.  Friedrichs  [10],  we  define  on  the  subset  M  ,  a  new 


inner  product  by 


i  »S:»  •  i>  tw  Ui  3 


» 
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(2) 


[w,v]  =  (A  u9v) 


u  ,  y  e  M  . 


With  this  inner  product,  M  becomes  an  inner  product  space  which,  when 
completed  in  the  usual  way,  yields  a  Hilbert  space  H ^  .  Then  we  have 
the  following  theorem: 

Theorem  III. 1.2.  The  Hilbert  spaee  H ^  can  be  identified  with  a 
subspaee  of  H  : 

(3)  M  c  c  H 


On  the  basis  of  this  theorem  it  is  easy  to  show  that 


(4) 


[u,v]  =  (A  uyv) 


u  e  M  ,  v  e 


I  I  W\  I  \2  =  lu9u]  >  y2  |  \u\  | 


(5) 


,  U  £  . 


Let  f  be  any  element  in  H  and  consider  the  linear  functional 


(6) 


-  ( Uyf ) 


Since 


(?) 


\rfw\  =  («,/>  i  I  hi  I  ll/ll  iT1  1 1 1«|||  1 1/1 1  • 


. 

' 
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F/w)  is  a  bounded  linear  functional  on  .  By  the  Riesz  representation 

theorem  there  exists  a  unique  element  w  e  H.  such  that 

J  A 

( 8 )  =  (w,/)  =  [w,wj  ,  U  £  . 

Theorem  (III ,1.3).  Let  A  be  a  positive  definite  operator.  If 
the  equation 

(3)  A  u  =  f  ,  f  e  H 

has  a  solution _,  then  the  functional 

(10)  V[u]  =  (A  w,w)  -  (u,f)  -  (f,u) 

assumes  its  minimum  value  for  this  solution.  Conversely  an  element  which 
minimizes  the  functional  (III. 1.10)  satisfies  the  equation  (III.  1.9). 

The  basic  variational  problem,  generally  speaking,  consists  of 
finding  an  element  belonging  to  M  for  which  the  functional  (III .1 .10) 
attains  its  minimum  on  M  .  In  general  this  problem  does  not  have  a 
solution  in  M  .  In  order  that  the  problem  become  solvable  we  modify  it 
somewhat.  First  of  all  if  u  £  M  then 

(11)  (A  u,u)  =  [u,u] 

Further,  by  our  previous  remark,  if  f  is  a  fixed  element  of  H  and  u  is 


. 

;  . 
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an  arbitrary  element  of  ,  (u>f)  is  a  bounded  linear  functional  on 
•  Thus  there  exists  u  j.  c  H^  such  that 

(A  u>u)  =  (u,f)  =  [UyUj,]  for  all  u  £  • 

We  now  have 


(13)  F[w]  -  [u,u]  -  [UyUj,]  -  [u^u]  for  all  u  e  . 

Formula  (III. 1.1 3)  was  established  for  u  £  M  ,  but  its  right  hand  side 
is  meaningful  on  all  of  .  Using  (III. 1.13)  we  extend  F [u]  on  all 
of  H^  and  we  seek  a  minimum  on  .  As  a  matter  of  fact 


(14) 


V[u]  =  [u-Uj„U-Uj.]  ~  [Uj.yUj>] 


and  from  (III. 1.14)  it  is  clear  that  F[w]  assumes  its  minimum  on 
u  =  Uj.  .  Thus  it  is  clear  that  if  A u  =  f  ,  then 


H .  for 
A 


(15) 


(A  u,u)  =  ( f,u )  =  (A  uf,u) 


u  e  H^ 


e  H. 
f  A 


Hence  we  have  the  following  definition. 


Definition  III. 1.2.  Given  f  £  H 


Uj.  £  H 


will  be  a  weak  solution 


or  a  generalized  solution  of  the  equation 


. 


■ 


52 


(^)  A  u  =  f 

if  the  relationship 


(16)  (A  Uj>,u)  =  ( fyU ) 

/or  aZZ  u  e  and  f  e  H  . 


Theorem  III. 1.  3. 
space  and 
(17) 


Let  A  he  a  positive  definite  operator  on  a  Hilbert 


m  =  inf 


(Au,u) 

(u,u) 


Let  (u^)  be  a  normalized  minimizing  sequence.  If  { u contains  a 
convergent  subsequence  then  m  is  an  eigenvalue  of  A  . 


Theorem  III.  1.4.  Suppose  that  elements  _ }  belong  to  the  domain 
of  definition  of  the  operator  A  3  and  that  the  sequence  (Acj)^}  is  complete 
in  H  .  Then  the  sequence  is  complete  in  H ^  . 

Theorem  III ,  1.5.  Let  the  positive  definite  operator  A  be  such 
that  every  bounded  set  in  H ^  is  compact  in  H  .  Then 

(i)  A  has  a  countable  set  of  eigenvalues  tending  to  infinity; 

(ii)  the  sequence  of  eigenvectors  is  complete  in  H ^  as  well 

as  in  H  . 


53  - 


§2 .  Absolutely  Continuous  Functions. 

It  is  well  known  that  absolutely  continuous  functions  of  a 
single  variable,  defined  over  a  specified  interval  of  the  real  line, 
form  a  Hilbert  space  when  a  suitable  inner  product  is  chosen.  In  this 
section  we  deal  with  the  extension  of  this  fact  to  functions  of  several 
variables.  We  will  be  mainly  concerned  here  with  the  definition  of 

absolute  continuity,  given  by  Vitali,  for  functions  of  several  variables 

(cf:  Definition  1.1.3).  We  establish  our  results  in  the  case  of  two 

variables,  their  extensions  to  more  than  two  variables  are  obvious. 


definition  III .  2.1  [14].  A  function  u(x,y)  defined  on  the  rectangle 
R  :  {a  <_x<_b;c<_y<_d}  is  said  to  be  absolutely  continuous  in  the 
sense  of  Vitali3  if  for  any  e  >  0  3  there  exists  a  6  >  0  such  that  for 
any  finite  or  infinite  set  of  nonoverlapping  subrectangles  {R.}  of  R 

(1)  meas  (u  R.)  <  6  =>  [  |F  (R.)|  <  e 

i>l  ^  i>l  u 

where  F  (R.)  denotes  the  following  double  difference 

U  'l' 

(2)  F^  ( R^. )  =  u(a^  ycd)  —  u{a^dd)  —  uiib^^cd)  +  u(b ^>dd) 
for  the  rectangle  R -  :  {a ^  _<  x  <_  b^  ;  c^  <_  y  <_  d^} 
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It  is  known  that  every  definition  of  absolute  continuity  has 
associated  with  it  a  special  derivative.  This  is  the  case  for  Definition 


III. 2.1. 


Definition  III.  2.2.  A  function  u(x  ,y)  defined  on  R  is  said  to 
be  differentiable  at  (x^^y  z  R  in  the  sense  of  Picone  [5]  whenever 
the  limit 


(3)  lim  u(Xo+h'yo+k)  ~  -  u^x0+h*yQ>  +  u^Xo>yo) 

h+0  h  k 

k+0 


exists. 


We  call  this  limit  the  generalized  derivative  or  hyperbolic 
derivative  of  u(x,y)  in  the  sense  of  Picone  at  ( Xo*yo^  and  denote  it 

(*)  +  f2(y) 

where  neither  fj(x)  nor  f2(y)  i-s  differentiable,  then  u(x,y)  does  not 
have  any  derivative  in  the  classical  sense,  but  the  generalized  Picone  deri¬ 
vative  does  exist  and  is  equal  to  zero.  We  now  state  the  following  theorems 
whose  proofs  can  be  found  in  the  book  of  E.W.  Hobson  [14] : 


by  the  symbol 


dxdy  ^ o'y o' 


Now,  it  is  clear  that  if  u(x,y)  =  f . 


Theorem  III.  2.3.  If  a  function  defined  on  R  is  absolutely  continuous 
in  R  in  the  sense  of  Vitali  then  it  has  a  generalized  derivative  in  the 
sense  of  Picone  almost  everywhere  in  R  . 

Theorem  III.  2.4.  If  u(x,y)  is  absolutely  continuous  in  the  sense  of 


Vitali  in  R  3  then 


- 


. 
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(4) 


rx  (-z/  g  2 


'aJ 


“  u(x*y)  ~  u(a>y)  -  u(x,c)  +  u(a>c) 


Theorem_III.  2.5 .  Tf  f(x,y)  is  a  summable  function  in  R  and 


if 


(5) 


u(x,y)  =  f  [  /(C,n)  d£dh 
Ja 


then  u(x  ,y)  is  absolutely  continuous  in  the  sense  of  Vitali  and  hence 
the  generalized  derivative  in  the  sense  of  Picone  exists  almost  every¬ 
where  in  R  and  we  have 


{6) 


~2 
d  U 

3x3  y 


=  f(v,y) 


almost  everywhere  in  R  . 

Theorem  III.  2.6.  A  necessary  and  sufficient  condition  that  a 
function  defined  on  R  be  absolutely  continuous  in  the  sense  of  Vitali 
is  that  it  be  the  indefinite  integral  of  a  function  summable  in  R  . 


Now,  let  V  denote  the  class  of  all  absolutely  continuous 


functions  (in  the  sense  of  Vitali)  defined  on  R  .  Let  1/ 


go 


denote  the 


functions  in  1/  which  vanish  on  the  boundary  of  the  rectangle  R  and  such 
that  their  generalized  derivative  belongs  to  L^(R)  ,  the  Hilbert  space  of 
all  square  integrable  functions  defined  on  R  ,  i.e.  , 


. 

' 


. 
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(7) 


rj ) 

Vo  =  {u  :  u  is  A.C.,  „  e  Ls( R)  5  u  3R  =  0} 


Theorem  III.  2.7.  1/^ 


is  a  Hilbert  space  with  respect  to  the 


inner  product 


(8) 


((u,v))  = 


•b  rd 


aJ  c 


u  v  dxdy 
xy  xy  J 


u  s  v  e  1/ 


a> 


and  the  norm 


(9) 


u 


rb  rd 


'aJ  c 


u  dxdy 
xy  y 


U  £ 


(D 


Proof ;  The  properties  of  the  norm  are  verified  as  follows.  First 

we  show  that  | | \u\  ||  =  0  implies  u  =  0  a.e.  in  R  .  Since  u(x,y) 
vanishes  on  the  boundary  of  R  ,  by  Theorem  III. 2.4  we  have 


(10) 


Pry 

u(x,y)  =  Ur  d£dr\ 

*a^c  ^ 


Squaring  both  sides  of  (III .2 .10)  and  applying  Cauchy-Schwarz  inequality 
to  the  right  hand  side  yields 


(11) 


ft 


u 


(x,y)  <  (x-a)  (y-c) 

Ja 


•d 


u 


xy 


dxdy 


Integrating  either  side  of  (III. 2. 11) ,  we  obtain 


■ 
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(12) 


u2(x,y)  dxdy  <  — -  a)  jd~c^  |  |  \  u\  \  |2 
*a*c  4 


But  since  | | \u\  | |  =  0  ,  we  have 


{13) 


b  rd 


u  (x,y)  dxdy  =  0 


aJc 


which  in  tern  implies  u  =  0  a.e. 


The  triangle  inequality  and  symmetry  property  of  the  norm  are 

proved  as  usual.  Thus  it  remains  to  show  that  the  space  l/^"^  is 

o 

complete  with  respect  to  the  norm  {III. 2. 9).  To  do  so  we  proceed  as  follows. 

Let  ^Uri)  136  a  Cauchy  sequence  with  respect  to  the  norm  (111.2.9).  Then  we 
have,  since  each  {z^}  vanishes  on  the  boundary  of  R  , 


(14) 


un(x,y)  -  um(x,y) 


'  (u  -u  ) 
n  m 

9£3n 


d^dr] 


and  therefore 


(15) 


un(x,y) 


u  (x,y) 
m  a 


-Xry 

3  (u  -u  ) 

1  < 

• 

n  m 

a*Q 

3£3n 

dE,dr\ 


<  y/(x-a)  ( y-o ) 


fb  c d  9  (u  -u  )  _ 
1  '  n  m  ,2 


Ja  Jc 


t  -say  ]  ^ y 


<  (b-a) (d-c)  1 1 1 1 


by  virtue  of  the  Cauchy-Schwarz  inequality.  Further  since 


-  58  - 


un(x">y")  -  un(x',y')  =  f 

Ja 


”ry"  d‘ u 


n 


d^dr\  - 


rx 1  ty  ’  9 


n 


a  jq 


a  <  x'  <  x"  <^b  ;  q  <  y' 

<  y" 

1  d 

we  have 

tX1 

ry" 

9  u 

[Xn 

\un(x",y")  -  un(x',y')\  = 

'll 

y' 

dxdy  +  J 

x 1  • 

n 


9x9  y 


dxdy 


*?f 


'xf- 


ty"  d2u  (x’  ,y"  3 2u 

y,  ***  J8  jy,  l^fl 

tx"  ty'  3 2u 


3  “u  rx"fy"  3  2u 

+  LI,  'w1  ^dy 

x  y 


‘  x ' J  c 


<  [/(x'-a)  (y"— y ' )  +  /(x"-x')  (y  '-c) 


+  /(x"-x')(y"-y')l  |||u  || 


which  proves  the  equicontinuity  of  the  family  {w^} 


This  shows  that  the  sequence  {w  (x,z/)}  converges  uniformly 

“yjf 

to  a  function,  say,  u(x,y)  .  Completeness  will  follow  if  we  can  show 

that  u(x,y)  is  absolutely  continuous  in  R  in  the  sense  of  Vitali. 

9  2Un 

do  so,  first  we  observe  that  }  is  a  Cauchy  sequence  in  • 


dxdy 


Due 


to  the  completeness  of  /.^(R)  ,  there  exists  a  function  g  e 


rb  rd  9  u 


(26) 


lim 

n-*x>  Ja  J0 


n 


dxdy 


-  g  |  dxdy  =  0 


To 


On  the  other  hand,  we  have 


■ 


t 


59  - 


(17) 


rX 


Ja  J 


y  9  m 


n 


9^9n 


d^dr] 


by  virtue  of  (III. 2. 4).  Hence,  passing  to  the  limit  in  (III. 2. 16)  as 
yi  -y  co  ancj  using  Equation  (III.  2. 17)  and  the  uniform  convergence  of 
un(x,y)  ,  we  obtain 


(18) 


u(x,y)  = 


Fry 

g(K> n)  d£,dr) 

J  r* 


aJc 


Thus  u(xty)  is  the  indefinite  integral  of  a  summable  function  g(x,y) 
and  hence  by  Theorem  III. 2. 5,  u(x,y)  is  absolutely  continuous  in  the 
sense  of  Vitali  in  R  .  Further  we  can  easily  prove  that  u  =  0  . 


Thus  1/ 


(1) 


is  a  Hilbert  space. 


dR 


( 1) 

§3.  Fundamental  Properties  of  the  Hilbert  Space 


(1) 

The  Hilbert  space  \)  has  many  similarities  with  the  Sobolev 

spaces  usually  considered  in  the  theory  of  partial  differential  equations. 

(1) 

In  fact,  it  is  known  that  the  Sobolev  space  is  the  completion  of 

00 

C (R)  ,  the  space  of  infinitely  differentiable  functions  with  compact 

supports  in  R  ,  with  respect  to  the  Dirichlet  norm.  A  similar  property 

(1) 

is  also  true  for  1/  .  This  fact  will  be  stated  and  proved  in  this 

o 

section. 


( 1)  00 

Theorem  III.  3. 1.  I '  is  the  completion  of  C^(R)  equipped  with 
the  inner  product  (III.  2.  4)  and  the  norm  (III.  2.  5)  . 


■ 


. 
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Proof : 

the  rectangle 


For  the  sake  of  simplicity  we  will  study  the  problem  in 


CO 


v  =  {(a? ,2/)  ;  -Oi  <  X  <  a  ;  -3  <  y  <  3} 


We  can  easily  show  that  the  transformation 


(2) 


^  n  =  (f  +  2)(^r)  +  e 


takes  P  into  R  and  changes  the  norm  involved  only  by  a  multiplicative 
constant . 


Let  T  be  the  linear  transformation  defined  on  L9(V)  by 

Ci 

the  equation 


(3) 


p  (y 

T  f(x yy)  =  /(£, n)  d^dr\  . 

jV-3 


T  is  a  completely  continuous  transformation  of  into  itself,  and, 

in  particular,  for  any  continuous  f(x,y)  £  L^(V)  we  have 


(4) 


=  (T  n  ■ 


It  is  clear  that  for  any  f  £  LAV )  ,  T  f  vanishes  for  x  =  -a  and 


■ 


. 
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z/  =  -3  but  T  f  need  not  vanish  on  other  parts  of  the  boundary.  Let 
M  denote  the  subspace  of  L2 (V)  .consisting  of  elements  f  for  which  Tf 
vanishes  on  all  of  the  boundary  of  V  .  Then  we  have 


( 5 ) 

•x 

r2/  ra 

u 

/(£> n)  d^dr)  =  0  ; 

/(£»n)  =  o 

-a 

a 

i 

CQ. 

1 

for  any  f  in  M  and  for  all  (#,2/)  £  V  .  This  may  be  written  as 

<*>  [  /(£,n)  x(C,n)  dm  =  o 


v 


where  x(C>t|)  is  the  characteristic  function  of  rectangles  of  the  form 
-a  —  £  x  >  -3  ^  L  3  or  of  the  form  -a  <_  E,  <_  a  ;  -3  <  r)  <  y  .  It 
is  also  evident  that  any  g  e  L ^ (V)  which  is  orthogonal  to  the  character¬ 
istic  functions  of  such  rectangles  or  strips  has  the  property  that  T  g 
vanishes  on  the  boundary,  i.e.  it  is  in  M  .  Thus  M  is  a  closed  sub- 

OO 

space  of  L0(V)  such  that  T(M)  contains  C  ( V )  . 

o  O 

Given  an  /  in  M  ,  let  /^(x,2/)  (0  <  r  <  1)  be  a  function 

defined  on  the  rectangle  V  as  follows: 


|x  |  £  r  a  ;  |2/ 1  _<  r  3 


(7) 


fr(x>y)  =  < 


o 


otherwise 


It  is  clear  that  f  (x,y)  is  in  (P)  .  In  fact  we  show  that  fr(x,y) 


■ 


■ 


- 
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is  m  M  .  Since,  if  X  is  the  characteristic  function  of  a  strip 


( 8 ) 


-cl  <  £  <x  ;  -3  <  z/  <  B  , 


we  have 


(9) 


l  r- <e • 


n)  x(C»n)  d^dr\  = 


rftr 

-ctr' 


fr(Z> n)  d£dn 


min(xyar) 


-a  v 


Sr  fr 

f(„  »  5)  d^dx\ 
J- ( 


■B*1 


r  r 


•  fX  V 

7tn(-  ,  a)^ 


-a 


-B 


/(?»n)  i* 


=  r2  f 
JV 


f  X*  dCdn  =  0 


X*  being  the  characteristic  function  of  the  strip 


-a  _<  a;  £  min(^  ,  a)  ; 


-B  <  z/  <  B  . 


Similarly  for  strips  -a  <_  E,  <_  a  ;  £  G  £  3  .  The  functions  / 

converge  to  /  in  the  L0(V)  topology  as  r  tends  to  1  .  Given  any  f 
in  M  we  form  its  regularization  ^  of  radius  t  as  follows. 


C 10) 


f  Ax,y)  =  r  |  fr (£»n)  Kt(x-£ty-T])  dE,dr\  . 

*  J  _00'  —00 


Kf_(xty)  is  a  function  defined  on  the  plane  vanishing  outside  a  circle 


■* 
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of  radius  t  about  the  origin  and  which  is  given  in  that  circle  by 


{ID 


Kt(x,y)  =  esp(— 

t  t  -x  -y 


) 


Here  the  number  k  is  a  normalizing  factor.  It  is  well  known  that  [31] 
the  regularization  of  a  function  in  L~(V)  is  a  C  ( V )  function  which 

ci  O 

converges  to  that  function  in  the  L^CV)  topology  as  the  radius  t  converges 
to  zero.  In  our  case  the  regularization  f  of  f  is  to  be  taken  with 

P  )  t  2? 

C i 

radius  t  <  —  {1-r)  and  is  a  function  which  vanishes  outside  a  closed  sub¬ 
set  of  the  interior  of  V  .  Since  was  in  M  ,  the  regularization  also 

belongs  to  M  .  We  have,  writing  X  for  the  characteristic  function  of  a 
strip 


{12) 


1 V 


fPtt  X  dxdy  =  I  \{x>y) 


/•OO 


«/  _c 


—  oo 


/  (£» n)  K-t{x-Z>y- n)  dxdy 


>V 


xte,y) 


fr{x-£,y-r))  /C^(C,n)  dxdy 


•t  rt  r 

=  K.(£,n){  f  (a;— C»S/— n)  x(*>^)  dxdy}  d^dx\  . 

Since  |£|  ,  |n|  are  sufficiently  small,  being  less  than  t  ,  the  trans¬ 

lation  f^{x-E,,y-r})  is  a  function  vanishing  outside  a  closed  rectangle 
in  the  interior  of  V  and  is  in  M  .  Hence  the  integral  above  is  zero. 

OO 

Thus  for  any  f  in  M  we  can  construct  a  function  ^  in  M 

which  vanishes  outside  of  a  rectangle  completely  interior  to  V  and  which 
is  as  close  to  f  in  L^{V)  norm  as  we  like.  Hence  T  ^  is  also  in 
C  and  vanishes  outside  the  same  rectangle  as  ^  .  T  ^ 


is  in 


*  fj  V 


64  - 


C^(P)  and  approximates  T  f  in  the  norm  (III. 2. 5).  Thus  we  have  shown 
that  T(M)  is  the  completion  of  C“(P)  with  respect  to  the  norm  (III.  2.  5) 

Let  us  note  that  in  the  above  proof  we  have  been  guided  by  a 
method  of  Aronszajn  and  Donoghue  [4], 

Theorem  III .  3.  2.  The  Hilbert  space  l Ts  a  subspace  of  the 

(2) 

Sobolev  space  fT  . 

Proof :  We  have  the  following  relation 


\&>y) 


uxr^(x9r))  dr\ 


00 

for  any  function  u  £  C  (R)  .  Squaring  and  applying  Cauchy- Schwarz 
inequality  we  obtain 


(13) 


u2x(x>y)  <  ( y-c )  J  (xty)  dy 


Integration  of  both  sides  yields 


(14) 


|  [  u2(x,y)  dxdy  <  (-y—  f  f  u  (x,y)  dydx 

'a'c  ^a^c  y 


Similarly  we  obtain 


05) 


|  |  Uy(x >y)  dxdy  1  J  j  “xy^'y')  dxdy 


. 


■ 
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Addition  of  the  inequalities  (III.  3. 14)  and  (III. 3. 15)  side  by  side 
yields 


(16) 


^  ft  2  2  ft  ft 

J  lux(x>y)  +  u  (x,y)]  dxdy  <m 

CL  C  ^  CL  Q 


U 


xy 


dxdy 


where  m  max  ^  ^  )  •  Thus  the  Dirichlet  norm  on  C^(R) 

is  dominated  by  the  norm  (III. 2. 5)  and  this  gives  the  conclusion  of  the 
theorem. 


§4.  A  Boundary  Value  Problem  of  Mange ron. 


In  what  follows  we  use  the  above  characterization  of  to 

o 

show  the  existence  and  uniqueness  of  the  generalized  solution  to  a  simple 
boundary  value  problem  due  to  D.  Mangeron.  Let  /.^(R)  denote  the  Hilbert 
space  of  all  square  integrable  real  valued  functions  defined  on  R  .  Let 
C^(R)  have  the  usual  meaning.  It  is  well  known  that  C^(R)  is  dense  in  L^(R). 
Recall  that  in  [.^(R)  the  scalar  product  and  the  norm  are  defined  by 


(1) 


(u,v) 


dxdy 


dxdy  . 


We  consider  the  boundary  value  problem 


(2) 


z4 
d  U 


dx2Zy2 


f(x,y) 


(3) 


u(a,y)  =  u(b,y)  =  u(xyo)  =  u(x,d)  =  0 


. 


' 
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where  f(xyy)  is  a  function  belonging  to  Ln(R) 

Using  the  same  notations  introduced  in  the  preceding  sections, 

4 

we  take  H  -  L^(R)  and  M  =  C  (R)  and  A  =  — ^ — —  .  The  operator  A 

dx  dy 

OO 

is  well  defined  on  C^(R)  .  The  symmetry  of  A  is  proved  as  follows. 
Integrating  over  R  both  sides  of  the  identity 


(4) 


u  v  —  \u  v  1  ~  \ U  V  1  ~  \ U  V  1  +  7v  V 

xyxy  xy'xy  x  xy'y  Lyxy]x  xy  xy 


where  u(x ,y)  and  v(x>y)  are  any  two  functions  belonging  to  C^( R )  , 
we  find 


(5) 


rbrd 


* a  Jo 


u  v  dxdy 
xyxy  * 


r  , 

[u  v 

xy  a,c 


a 


[u  v  (xyd) 
xxy 


u  v  (x ,  o)  ]  dx 
x  xy 


fd 

~  L  luyv*y(b’y)  - 


yVa,2/)I  dy 


aJ 


u  v  dxdy . 
xy  xy  J 


Since  u(x,y)  satisfies  the  boundary  conditions  (III. 4. 3)  we  have 


(6) 


(A v,u)  = 


■b  rd 


aJ  c 


u  v  dxdu 
xyxy  J 


!bld 

u  v  dxdy 

LL  xy  xy 


which  proves  the  symmetry  of  A  .  We  now  introduce  the  new  norm  defined 

_oo 

on  C  (R)  by 
o 


' 


- 
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rd 


(7) 


(A  UyU )  = 


'aJ 


uu  dxdy  = 
xyxy  v 


[b[d  2 

u  dxdy , 


The  positive  definiteness  of  A  can  be  proved  as  follows:  Since 


(8) 


u(x,y)  = 


/*/ 


'aJc 


u ^  d^dr]  , 


squaring  and  applying  Cauchy-Schwarz  inequality  to  the  right  hand  side, 
we  obtain 


(9) 


u  (x,y)  <  (x-a)(y-c) 


b  rd 


a 


u  dxdy 
xy  y 


Integrating  both  sides  we  obtain 


(10) 


rb 


Ja ' 


d  n  sis\9/j\9  rb  r d 

u  ( x,y )  dxdy  <  ■■  ■  ■~g 


f  f  u2  dxdy 

> ad  x» 


Thus 


(11) 


(A  u,u)  =  | | \u\  | |  _> 


(b-a)2  (d-c)2 


u 


00 

which  proves  the  positive  definiteness  of  A  on  C  (R)  with  y  = 


(b-a) (d-o) 


In  section  3  we  have  shown  that  the  completion  of  C™(R)  with  respect  to  the 
norm  (III.  2. 5)  is  .  Hence,  by  virtue  of  the  results  of  Section  1, 


we  have  the  following: 


. 


■ 


Theorem  I I I.  4.1. 


The  boundary  value  problem  (III.  4.  2)  and  (III.  4.  3) 
has  a  generalized  solution  in  l/^  ^  and  this  solution  is  unique. 

§5.  Characterization  of  the  Solutions. 


In  this  section,  using  the  method  of  reproducing  kernels  due  to 

(1) 

N.  Aronszajn  [17]  we  characterize  the  subspace  of  U  which  contains 

o 

the  solution  to  our  problem.  We  begin  with  the 


Definition  III.  5.1  [19],  A  functional  completion  M  of  an  incomplete 

function  space  M  is  defined  to  be  a  completion  by  adjunction  of  point 

functions  with  the  property  that  for  each  (x,y)  there  exists  a  number 3  call 

it  M  such  that3  if  the  sequence  {u  }  is  convergent  in  M  and 
x  ,y  n 

there  exists  a  u  e  M  for  which  lim  | \u  -u\  |  =  0  3  then 

n 


U) 


I 


u(x.u) I  <  M  II u  -u\ 
^  1  —  x,y  11  n  1 


for  each  (x,y)  in  the  domain  of  definition  of  functions  in  M 

00  CO 

As  was  done  in  Section  3  choose  M  =  C^(R)  and  define  on 
the  inner  product 


(III.  2. 4) 


((UyV)) 


dxdy  . 


D.  Mangeron  [  2  ]  has  shown  that  the  function 


i  •  V.  ^  ,  <  «•) 


,  ▼ '  ‘  I 
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( b-a)(d-o )  G(xyy;E,y n) 


/ 

(b-x) ( d-y ) (£-a) (n-c) 

£  £  x  ; 

n 

1 

(b-x)  ( y-o )  (£-a)  (c?-n) 

£  1  a:  ; 

n 

1  */ 

(x-a)  (d-y)  (b-O  (n-c) 

Z  >x  ; 

n 

1  y 

(x-a)  (y-o)  (b-O  (d- n) 

£  ^  x  ; 

n 

>y 

is  the  Green's  function  of  the  operator 
conditions  (III. 4. 3).  Since  the  Green's 
reproducing  kernel,  i.e. 


9#  9  y 

function 


2 


■  for  the  boundary 
G(xyy;E,yr\)  is  a 


(2) 


fbrd 

u(x,y)  =  G(xyy;£,y n)  — d^dr]  ,  u  z  C°°(R) 

JaJo  9 £  dri 


thus  for  any  fixed  (x  yy)  we  have,  by  the  Cauchy-Schwarz  inequality. 


(3)  I  u(x,y)  |  <  |  |  \GXiy\  I  I  IIMII 

where  \\\G  \\\  is  the  norm  of  G(xyy;  £,r|)  for  fixed  (xyy)  defined 

x  yy 

by  (III. 2. 9).  In  this  case  it  should  be  noted  that  discontinuities  of  G 
should  be  taken  into  account  and  also 

W)  I  I  \GXty\\  I2  -  (G5n(x,j/;5,n),  G5n(x,y;C,  n)) 


=  G(xyy;xyy) 
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which  can  be  easily  verified.  So  that 


(5) 


I u(x>y)  I  £  /GO v,y;x,y)  |  | \u\ |  |  . 


Thus  [G  (xyy  \x  yy)  ]  can  be  taken  as  the  number  M  appearing  in 

x  ,y 

Definitions  III. 5.1.  Thus  we  can  make  a  functional  completion  of  C°°(R) 
as  follows:  Let  { u be  a  Cauchy  sequence  in  C^(R)  with  respect  to 
(III.  2. 5).  We  have 


0  <  lim  [  un(x,y)  -  u  (xyy)  |  <_  JG(xyy  ;x  yy)  lim  \  \\u  -  u  \  \\  . 

n-x»  n  m 

so  that  {u_^(xyy)}  is  a  Cauchy  sequence  of  real  numbers,  which,  therefore 
converges  to,  say,  a  function  u(xyy)  .  The  desired  functional  completion 

■  OO 

G  (R)  consists  of  all  functions  u(x,y)  defined  in  this  way  and  it  has 
the  following  properties: 

- OO 

(i)  normwise  convergence  in  C^(R)  ,  implies  pointwise 
convergence  everywhere  in  R  . 

OO  - OO 

(ii)  C  (R)  is  dense  in  C  (R)  . 

K'o  o 

—  OO  _ 

(iii)  C^(R)  is  complete. 

(iv)  For  (xyy)  e  R  ,  the  function  G(xyy;E,yr |)  as  a  function 

-  OO 

°f  (C»n)  is  in  C  (R)  and 


(6) 


((G(a,2/;^,n)  ,  w(S»n)))  =  u(x,y) 


. 
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for  all  u  e  C 


Thus,  <5 (a? » z/ ; C > H )  is  a  reproducing  kernel  for  the 


complete  space  Gq(R)  .  For  the  functions  u  e  C~(R)  we  have 


(7) 


r M 

G(x,z/;C,n)  — dfrfri  =  M(a:,w) 
aJe  90n 


Let  us  now  consider  the  space  C*(R)  of  all  functions  of  the  form 


(5) 


[brd 

Gw  =  w(^,n)  d^dr\  ,  e  l9(R) 

JaJo  ^ 


where 

Since 


w(x,y) 


is  required  to  belong  only  to  /.^(R) 


(9) 


•b  rd  rb  rd  p 

G  dxdy  d^dr\  <  °° 

a J  oJaJ  c 


all  functions  of  the  form  Gw  belong  to  L9(R)  and  since  C°°(R)  is 

a  O 

dense  in  L9(R)  we  can  easily  show  that  C  (R)  is  also  dense  in  C°°(R)  . 
<->  o  o 

Hence  C^(R)  is  isomorphic  to  C  (R)  »  since  all  completions  are 

isometrically  isomorphic  to  each  other.  Thus  we  can  put 


cm 


-00 


rbrd 


CQ (R)  =  {  G(x,y;^9T])  w(£,n)  d£,dr)  ;  e  L2(R)}  . 

'a  J  o 


By  differentiation  with  respect  to  the  parameter  under  the  integral  signs, 


we  obtain 


. 


' 


. 
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(11) 


B2u  _  1  r*/2/ 

(b-a)  (d-c)  L  (K~a)  (r\-o)w  dKdx\  -  (&-£)  (r\-c)w  d^dr\ 

JaJo  JXJG 


(^-a)(d-r\)w  d^dr) 


+ 


•brd 
*x^  y 


( b-0(d-r])w  d^dr\] 


if 


(12) 


u(x,y)  =  G(x>y  ;£,n)  w(€,n)  d£dh 


Since  the  integrals  are  all  continuous  functions,  u  (x,y)  is  continuous. 

xy 

But  then  we  have 


(13) 


u 


xyxy 


r(x-a)(y-c)  +  (b-x)  (y-c)  +  (x-a)  (d-y)  +  (b-x)  (d-y)  •, 

1  (b-a)  (d-c)  - ]w 


=  w(x,y) 


almost  everywhere  in  R  and  if  w(x,y)  is  continuous  then  u  (x,y) 
exists  everywhere.  Thus  we  see  that  if  in  the  boundary  value  problem 
(III. 4. 2)  and  (III. 4.  3)  f(x,y)  is  continuous  then  the  generalized  solu¬ 
tion  is  also  a  classical  solution.  Incidentally  we  have  also  shown  that  a 
(1) 

subspace  \J  is  isometrically  isomorphic  to  the  function  space  C  (R) 

o  o 

§ 6 .  A  More  General  Boundary  Value  Problem. 

In  this  section,  to  generalize  the  results  of  the  problems  in  the 
previous  sections,  we  deal  with  the  problem  of  the  existence  and  uniqueness 


.  / 
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of  a  weak  solution  to  the  following  boundary  value  problem  due  to 
D.  Mangeron  [2].  The  classical  case  has  been  treated  by  F.  Manaresi 
[7],  Our  approach  will  be  parallel  to  the  one  due  to  E.M.  Landesman  and 
A.C.  Lazer  [ 19 ].  Specifically,  we  consider  the  partial  differential 
equation 

2  2 

a)  Ku  =  (0(*>y>  |j^)  +  q(*>y)u  = 

for  a  <  x  <  b  and  o  <  y  <  d  ,  subject  to  the  boundary  conditions 

(2)  u(a,y)  =  u(b,y)  =  u(x,c)  =  u(x,d)  =  0 

where  Q(x,y)  and  q(x,y)  are  nonnegative  measurable  bounded  functions 
defined  on  R  such  that 


(3) 


0  <■  8q  <  B(x,y) 


and  f(x,y)  e  L  (R)  .  A  is  considered  as  a  differential  operator  in  the 

Ci 

formal  sense,  since  the  differentiability  conditions  on  B(x,y)  are 
dropped. 

00 

We  consider  the  inner  product  on  C  (R)  defined  by 


<u,v>  = 


oo 

[0  u  v  +  q  uv]  dydx  u,v  £  C  (R)  . 

xy  xy  o 


Ja 


(4) 


' 


74  - 


hemi.  IJJ-  g- 1-  The  operator  A  defined  on  C“(R)  is  positive  definite 

CO 

on  Cq(R)  with  respect  to  <u>u>  . 


CO 


P ro of:  Since  u  £  C^(R)  we  have 


(5) 


u(x,y)  = 


y 


JaJ 


d£dr\ 


ry 


*^0(£»n)  u-  dE,dr\  . 
Ja  Jo  / 0(C,ri)  ^ 


Hence  squaring  and  applying  the  Cauchy- Schwarz  inequality,  we  obtain 


(6) 


u  (x9y)  < 


ry 


Ja  Jc 


rb  rd 


'aJ  q 


0(C,n) 


0(S,n) 


dE/dr\ 


d^dr\ 


ry 


;a  jq 


Ja  *o 


0  u ^  dE,  do 


0  dE,  dx) 


Integration  of  both  sides  of  the  above  inequality  yields  the  inequality 


(7) 


rb  rd 


JaJo 


u  dxdy  <  ( b-a ) (d-o) 


■b  rd 


a  Jo 


Q(x,y) 


dxdy 


rb  rd 


'a*  o 


0  u  dxdy 
xy  * 


From  (III. 6. 6)  we  obtain 


(8) 


rb  rd  2  fo  fd  i 

u  dxdy  <  (b-a) (d-o) \  jz— y  dxdy  <u,u> 

*a*Q  JaJo  K  *8 


Hence 


4 


. 

ft 
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(9) 


rbrd 

(A  u,u )  =  le(x,y)uxy  +  q(x,y)u2]  dxdy  =  <u,u> 


for  all  functions  u  In  C“(R)  ,  which  proves  the  positive  definitenes, 


of  the  operator  A  on  C  (R) 

o  '  * 


Theorem  III.  6.  2.  The  norms  defined  by  (III.  6.  4)  and  (III.  2.  5) 
equivalent. 


are 


Proof:  We  have  to  show  that  there  exist  constants  m  and  M  such 


that 


(10) 


m 


b!d  s  rM  ? 

uxu  dxdy  <<u,u>  <  M  u  dxdy 

a'c  o  Ja  J Q  xy 


The  first  inequality  is  readily  obtained,  since 


(11) 


rb  h  2  !b!d  p  p 

°o  uxy  ^  -  («  "  +  ?  “  )  dxdy 

JaJo  a  JaJo  & 


To  prove  the  second  inequality  ,  we  observe  that 


(I2)  ||  (0  I  +  <7 1)  dxdy  <ff  6  u  +  q  f  l  u  dxdy 

1 a‘a  W  ‘a  ‘a  xy  1  ‘a’e 


where 


q  =  sup  [ q(x,y )] 
(x,y)eR 


76  - 


Hence,  combining  (III. 6. 8)  and  (III. 6. 12),  we  infer  that 

<h,u>  <  Kb-a)(d-e)  qj  e^)  **  +  ^  I)"  8  ^ 

On  the  other  hand,  by  our  assumption  on  Q(x,y)  ,  we  have 


sup  Q(x,y)  <  «> 
(x9y)eR 


and  our  theorem  is  thus  proved. 

OO 

Therefore,  the  completion  of  C  (R)  with  respect  to  <u,u> 

(1) 

gives  us  the  Hilbert  Space  (/  As  before,  the  following  definition 

connects  the  operator  A  and  the  quadratic  form  <u,u>  : 


Definition  III.  6. 3.  A  generalised  (weak)  solution  of  the  boundary 

/i  i 

value  problem  (III.  6.1)  and  (III.  6.  2)  is  a  member  u  £  v  such  that 

o 

<v,u>=  (v9f) 


for  all  v  £ 

o 

Combining  the  above  theorems  with  theorems  from  Section  1,  we 
have  the  following  theorem: 

Theorem  III.  6.4.  The  boundary  value  problem  (III.  6.1)  and  (III.  6.  2) 

(1) 

has  a  unique  generalized  solution  in  \J o 
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At  this  point,  we  wish  to  mention  that  in  the  case  when  §{x9y) 
is  sufficiently  differentiable  and  p{x9y)  and  f{x,y)  are  continuous, 

F.  Manaresi  [1]  has  shown  that  there  exists  a  classical  solution  to  the 
boundary  value  problem  {III. 6.1)  and  {III. 6. 2),  by  using  the  method  of 
successive  approximations. 

§7.  Generalized  Eigenfunctions  and  Weak  Eigenvalues. 

In  this  section,  following  the  general  spirit  of  the  work  of  E.M. 
Landesman  and  A.C.  Lazer  [IP],  we  extend  the  concept  of  eigenfunctions 
and  eigenvalues  of  the  following  generalized  Sturm- Liouville  problem  of 
D.  Mangeron  [2],  Specifically  we  consider  the  following  problem 

d2U 

A  u  =  =  A  p{x,y)u 

(2)  u{a9y)  =  u{x,c)  =  u{b,y)  =  u{x,d)  =  0 

where  Q{x,y)  and  q{x,y)  satisfy  the  conditions  specified  in  Section  6, 
and  p{x9y)  is  a  measureable  function  defined  on  R  satisfying  the  conditions 

(3)  6  £  p  {x,y)  <_  A 

for  all  {x,y)  e  R  where  6  ,  A  are  constants.  Let  us  define  the  follow¬ 
ing  inner  product  on  L0{R) 
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(4) 


rbfd 

(u>v)  =  p  uv  dxdy 

^  'a'  c 


u,v  £  L2(R) 


Clearly,  due  to  the  assumptions  on  p(x,y)  ,  the  inner  product  (III. 7. 4) 
defines  an  equivalent  norm  on  j  which  induces  the  same  topology 

on  L2(R)  as  ( u,v )  does. 


Let  us  define  a  linear  functional  on  l by 


(5) 


L  (ch)  =  (d),u)  = 

P,W  'p 


d 


p  (p  w  dxdy 


Ja 


where  w  £  L  (R)  .  Then,  by  virtue  of  (III. 7. 3),  it  can  easily  be  seen 


that  L  is  a  bounded  linear  functional  on  .  Since  l/^  i 

o  o 


is  a 


Hilbert  Space,  as  shown  in  Section  2  there  exists  a  unique  T  (u)  £  [/ 

V  o 

such  that 


CO 


(6) 


<(P>T =  L  r1W  =  (<$>>w)p 

p  p>w 


for  all  (f)  £  .  This  defines  a  linear  map 


(  ?) 


Tp  ■■  L2 <R>  +  VcV 


(2) 

but  since  lO  c  Lg(R )  ,  we  may  consider  as  a  linear  map  from  i^(R) 

into  L-2(R)  .  Since 


(III.  6.  8) 


■b  rd  2  rb  rd  1 

u  dxdy  £  (b-a)  (d-c)  'q(x~u)  <u,u> 

‘2^0  'a  K  'V 


' 


> 
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and  since  p(xyy)  satisfies  the  condition  (III. 7. 3)  it  follows  that  T 

P 

is  continuous  and  maps  bounded  subsets  of  into  bounded  sets  of 

(2) 

\J o  •  Thus  by  Rellich's  selection  principle  [ 1 ]  T  is  completely  contin¬ 
uous.  Moreover  T  is  symmetric  with  respect  to  (  ,  )  as  the  inner 

V  p 

product.  For  if  u,v  £  we  have 


(8) 


(T  u,v)  =  <T  u  ,  T  v> 
P  P  v 


=  <TpV  ,  Tp  u> 


=  (T  v  ,  u) 

P  P 


=  (u  ,Tv) 

P  P 


If  for  some  u  e  L9(R)  ,  T  u  =  0  ,  then 


(9) 


=  0 


oo  oo 

for  all  (p  £  C  (R)  and  since  C  (R)  is  dense  in  L9(R)  we  have  u  =  0  . 

^  o 


Thus,  if  u  £  Ln(R)  ,  it  follows  from  (III. 7. 6)  ,  letting  (h  =  T  u  £  \J 

8  P  O 

that 


(1) 


(10) 


u> 


>  0 


which  is  positive  for  u  i-  0  .  Hence  T  is  positive  and  symmetric. 
Now  applying  the  results  of  §93  and  §94  of  [3  3]  about  positive 


- 

,  ' 


80  - 


symmetric  operators  we  infer  the  existence  of  a  sequence  { }  in  L  (R) 

K.  1  2 

such  that 


ai) 


4*7,  A  7  T  (b  7 
k  k  p  ^k 


< 


(VVp  6iy 


where 


6^.  is  the  Kronecker  delta  and 


(22) 


7. 


D 


w 


for  all  w  £  L ^(R)  •  Moreover  the  sequence 
point  and  so  we  may  assume 


<v 


has  no  finite  cluster 


(22)  '  —  ^2  —  ^S  —  —  ^k  —  ^k+1  —  *** 

Using  {III. 7. 6)  and  {III. 7. 11)  we  obtain 

<7j,(f>k>  =  (u>kk<bk)p  =  (u>kkp<bk) 

a) 

for  w  e  l/^  .  Hence  for  each  k  =  1 ,2,5,  •  •  •  ,4>^  is  a  nontrivial  weak 

solution  to  the  boundary  value  problem  {III. 7.1)  and  {III.  7. 2).  We  there¬ 
fore  call  a  weak  eigenvalue  corresponding  to  p  and  denote  it  by 


A k{p)  •  It  can  easily  be  seen  that 


' 

* 
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00 


(13) 


(U,U)  =  l  (w,<k) 


k=l 


k  P 


for  all  u  e  L^(R)  . 


We  can  now  write  a  similar  identity  involving  .  Using 

(III. 7. 6)  and  (III. 7. 11)  we  have 


(14) 


"W  ■  "WTpW 


=  ^(p)  <f>  -) 


J  p 


=  Vp) 


which  shows  that  the  sequence  {~  -  in  *  is  °tthonornial 


•/vFy 

with  respect  to  the  inner  product  <  ,  >  .  If  for  some  w  e  1/ 


(1) 


(15) 


«t>k,v>  =  0 


for  all  k  ,  then  by  (III. 7. 6)  and  (III.  7. 11) 


( h’w)P  ‘ 0 


for  all  k.  Hence  w  -  0  a.e..  Thus  the  sequence  {  -  —  —  cj)^  }  is  complete 


/Mp) 


in  [/ 


(1) 


o 


and  Parseval’s  formula  yields 


. 
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(,16)  <U,U>  =  l  < - - -  A  ,u>2 

k=i  /x^y  * 


Using  {III.  7. 12)  and  (III. 7. 13)  we  can  write  (III. 7. 16)  as 


(17) 


<u,u>  =  l  X  (p)  (w,<L) 


k  p 


The  identities  (III. 71  6)  and  (III. 7. 17)  together  with  (III.  7. 12')  now 
yield  the  following  variational  characterization  of  weak  eigenvalues  in 
terms  of  the  inner  product  <  ,  >  and  (  ,  ) 

P 


f 


(18)  ( 


^k+1 (P)  =  m^n 


<u,u>  , 

«  e  l/(1> 
o 

;  (u,u) 

<u,u>  , 

U  £  l/(1) 

o 

;  (u,u) 

(w,vp  = 

0 

J  =  1*2,3, 

Note  that  Courant's  Min-Max  principle  can  also  be  extended  very  easily. 
In  this  connection  we  have  the  following: 

Theorem  III.  7.1.  If  for  v^v^v v  in  L^fRJ  ,  we  define 

f  (j) 

<e,e>  ,  e  e  ,  (e,e)  =  1 

=  inf  < 


(0,y-)  =  o  o  =  it2y»  •• ,k-i 

d  ¥ 

\ 
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then 


Xk+2  =  SUP  < 


V!fe(p)  (v1,v2,"‘  ,vk)  I  V.  e  L2(  R) 

j  =  1,2,* •• ,k  . 
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CHAPTER  IV 

Fundamental  Inequalities  and  Natural  Boundary  Conditions 


§1 .  Inequalities . 

Various  types  of  inequalities  have  been  proved  for  functions 
of  one  variable,  relating  them  with  their  derivatives.  In  this  connec¬ 
tion,  we  refer  to  the  excellent  books  by  E.F.  Beckenbach  and  R.  Bellman 
[5]  and  D.S.  Mitrinovic  [ 2 7],  In  this  chapter,  we  give  analogous 
inequalities  for  functions  of  two  variables  u(x,y)  defined  on  R  , 

relating  them  with  their  mixed  partial  derivative  u  (x,y)  ,  Assuming 

xy 

its  existence  in  the  classical  sense.  The  extension  of  some  of  these 
inequalities  has  been  considered  by  D.  Mangeron  [ 12 ]. 


Theorem  IV. 1.1. 


Let 


u(x,y)  e 


be  such  that 


u(a,y)  =  u(x>c)  = 


u(a,e)  =  0  .  Then 


CO 


d  2  ,  ,  ,  (b-a)2 (d-a)Z 

u  axdy  £ - - 


Ja 


dxdy  . 


Proof:  Since  u(a,y)  =  u(xyc)  =  u(a,c )  =  0  ,  we  have 


(2) 


u(xty) 


d£,dr\ 


which  implies 
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(2) 


u  (x,y)  = 


V  \ 

Ur  d^dr]  I 
'a  'o  q  / 


and  utilising  the  Cauchy— Schwarz  inequality  we  obtain 


( 4 ) 


u  (x,y)  <  (x-a)  (y-o) 


Fry 


aJ  q 


d^dx] 


<  ( x-a) {y-o ) 


Ja 


d£,dr\ 


Integrating  either  side  of  the  inequality  (IV.  1.4)  we  obtain  (IV.  1.1) 


Corollary  IV.  1.2.  If  u(x,y)  e 


and  u(a,y )  =  u(xyo)  =  u(ayo) 


=  0  ,  then 


(5) 


,  \  j  j  (b-a)  (d-o)  b[d  2  ,  , 

I “  “I  tedy  < - f -  u  dxdy 

!a‘o  ^  *  IJc  ** 


Proof:  Applying  the  Cauchy-Schwarz  inequality  to  the  left  hand 


side  we  obtain 


(6) 


rbrd 

|  u  u  |  dxdy  f 

a'a 


b  rd 


a  Jc 


u1  dxdy 


u  dxdy 
xy  v 


and  combining  (IV.  1.6)  and  (IV.  1.1)  we  obtain  (IV.  1.5) 


Theorem  IV.  1 ,  3.  If  u(xyy)  e  H  3  then 


' 
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(7) 


4(b-a) ( d-o ) 


'b  2  \(h(d  2 

u  dxdy  +  4  I  u  dxdy 

' a  Jo  Va  'a 


<  (b-a)3(d-o)3 


'b  [d  2  (h  \(d  ]  2 

Uxu  ^dy  +  4(b-a )  dx  u(x,y)dy  I 

aJc  *  Ja  Jc  J 


rd  r  rb 


+  4(d-o)  dy 

*Q 


u(x,y)dx 


Ja 


Proof:  Let  a  <  x2  <  x2  <  b  ;  Q  <  y2  <  y2  <  d 


Then 


(S)  lu(x2,y2)  -  u(x2>y1)  -  u(xyy2 )  +  u(x1,y1)]S  = 


.«•>  H 


2  r  2 


T  2 


xlyl 


u  dxdy 
xy  10 


which  on  applying  the  Cauchy— Schwarz  inequality  yields 


r -X  2  ^  2 


( 9 ) 


12 


x‘Jx1Jy1 


u  dxdy 
xy  * 


<  (x2-x2)(y 2-y2) 


X2  fy2 


Xlyl 


u  dxdy 
xy  * 


<  ( b-a ) (d-o) 


rb  rd 


'aJ  o 


u  dxdy 
xy  * 


Expanding  the  term 


2 

[ u (^2 ,y2)  ~  ^ (& 2 »2/2)  —  ^ 0^ 2 >y2^  ^ C*£ j » y 2 )  J 

in  (IV. 1.8)  and  integrating  the  resulting  inequality  in  the  4-dimensional 
rectangle  {a  £  x^  <_  b  ;  a  <  x2  <  b  ;  o  <  y ^  £  d  ;  o  <_  y  2  £  d} 

(IV. 1.7)  follows. 


■ 
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Corollary  IV.  1.4.  If  u  z  is  such  that 


u(a,y)  =  u(b>y)  =  u(xyo)  =  u(x,d )  =  0  , 


then 


(10) 


Proof:  In  the  inequality  IV. 1.7,  replace  u  bv  u  and  since 

xy 


ai) 


rd 

uxy  dy  =  ux(x'd'>  ~  UX(X>G>)  =  0 


and  also 


(12) 


* a 


u  dx 
xy 


Uy(b,y) 


u ..(a, y) 

y 


=  o 


we  have 


US) 


[b[d  2 

u  dxdy  < 
xy  y  — 
aJo  a 


(bW^rol  fb(du2  . 

4  Uo  xyxy 


Combining  this  with  (IV.  1.1)  we  have 


(14) 


2,  ,  .  (b-a)4 (d-o)4 

u  dxdy  <_ - Yq - 


ry  2 

u 

Jc  xyxy 


dxdy 


. 


. 
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Theorem  IV.  1.5.  If  u(x,y )  e  r  ([0,2tt]x  [0, 2tt])  is  such  that 


(i)  u(o,y )  =  u(2i\,y ) 


=  u(x,2t\) 


(15) 


r2l\ 

(ii)  u(x ,y)dx  =  0 

J0 


'2n 


’O 


u(x,y)dy  =  0 


Then 


(16) 


■2tt 


’O 


2tt 


r2l\ 


u  dxdy  _< 

0  JO 


2tt  2 

u  dxdy 

o 


Proof:  Applying  Wirtinger’s  inequality  [5]  to  u(0 ,y)  as  a 

function  of  x  alone  we  have, 


(17) 


r2  it 


'0 


u  (x,y)dx  < 


2tt 


0 


u  ( xty)dx 


which  implies 


(18) 


2tt  r2n 


0  J0 


u  (xiy)dxdy  _< 


r2l\  r2ir 


J0  J0 


ux(x  >y)dxdy 


But  since 


(19) 


u  (xyo)  =  u  (xf2 tt)  and 

X  X 


r2ir 


1 0 


ux(xyy)dy  =  0 


a  repeated  application  of  Wirtinger’s  inequality  yields  the  result. 


* 
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Remark  1;  Since  u(x,y) 
(IV . 1 . 1 5 (i)) ,  it  has  been  shown 
expressed  as  Fourier  series 


is  periodic  and  satisfies  the  condition 
by  M.  Picone  [£]  that  u(xty)  can  be 


(20) 


u(x,y)  J  ^aij  (~'os  C°s  OH  +  b^.  *  Sin  jy  Cos  ix  + 


•  •  -* 


10 


+  o.  .  Sin  ix  Cos  ,ju  + 


+  d.  .  Szn  zx  Szn  jy) 
'l0 


Using  this  expansion,  it  can  easily  be  shown  that  the  equality  sign  in 
the  inequality  (IV. 1.16)  holds  if  and  only  if  u(x,y)  is  of  the  form 


(21)  u(x,y)  =  Cos  x  Cos  y  +  b ^  Cos  x  Sin  y  + 

+  c a  Cos  y  Szn  x  +  Sin  x  Sin  y  . 


Remark  2 :  If  in  Theorem  IV. 1.5,  u(x,y)  satisfies  the  condition 

(IV.  1 .15(H))  only,  then  the  inequality  of  Theorem  IV.  1.3  gives  that 


(22) 


r2 7T  r2lT 

JQ  JO 


2 

u 


4 

dxdy  <  -£• 


‘2 TT  r2 7T 

*0  Jo 


2 

u 

xy 


dxdy 


(II)  If  in  the  theorem  (IV.1.5)y  u(x9y)  satisfies  the  condition 
(IV.1.15(i))  only,  then  Corollary  IV. 1.4  gives  that 
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(23) 


f2ir 


'0 


2  7T 


8  r2l\ 


2  7T 

^  u  (x,y)dxdy  <  ~  J 


r2ir  2 

u  dxdu 

0  xyxy  * 


Theorem  IV.  1.6.  Let  p(oc,y)  be  a  bounded  positive  function 
defined  on  R  .  Then 


(24) 


X 


d 


p  u  dxdy  <_ 


Ja 


■b  rd 


a  Jc 


u  dxdu 
xy  y 


where  X  is  the  smallest  eigenvalue  of  the  problem 


(  (i) 


(25)  / 


d4u 

— ^ p  =  X  p(x ty)u 

c\  Cj  c\  Ci 

ojc  ay 


k  (ID  u(x  tc)  =  u(x,d)  =  u(a,y)  =  u(b,y)  =  0 


Proof:  Consider  the  problem  of  minimizing. the  functional 


(26) 


' a 


u  dxdu 
xy  * 


u  e  r 


(2) 


subject  to  the  condition 


(27) 


fbrd  2 

p  u  dxdy 


=  1 


,aJ  c 


in  the  class  of  functions  vanishing  on  the  boundary  of  R  . 


Using  the  method  of  Lagrange  multipliers,  the  problem 


is  equivalent  to  minimizing  the  quadratic  functional 
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(28) 


d[u] 


fM  2  2 

~  \  pu  )dxdy 

Ja  J  a  y 


over  all  functions  u(x3y)  for  which  the  integral  exists  and  the 
functions  vanish  on  the  boundary  of  R  .  The  corresponding  Euler 
equation  is 


(29) 


p  p  —  A  p (x 3y)u  =  0 
3a; 


If  u(x3y)  satisfies  the  equation  and  the  boudary  conditions  then 


(30) 


0  = 


rbrd  24u 

u[ — ~ — p  -  A  p(x  3y)u]dxdy  = 
aJo  dx  dy 


dxdy  -  X 


Thus  the  minimum  value  of  the  functional  (IV.  1.26)  is  the  smallest  eigen¬ 
value  of  the  Sturm  Liouville  problem  (IV.  1.25). 


§2 .  Natural  Boundary  Conditions. 


It  is  known  that  for  the  operator 


d2u 

dx? 


(a  <  x  <  b)  the 


conditions  u(a)  =  0  ,  u(b)  =  0  are  principal  and  the  conditions  u' (a)  =  < 

and  u' (b)  =  0  are  natural.  If  the  operator  A  has  the  form 

/ 


A  u  =  l 


1 


k=0  ■£.,  S •  •  ,i7  -1  3#  •  3 x.  •••dx. 
12  k  7  'l  %k 

k 


U0cvx2,  —  ,x) 


~k 

3  u 


j  2>J  2>" 


dx  .  dx  .  •  •  •  3  X  . 

0; 


0  2  J  2 


so  that  its  order  equals  2s  ,  let  this  operator  be  positive  and  bounded 
below  for  a  set  of  functions  which  satisfy  certain  boundary  conditions. 


■ 


■ 


^  y  \ 
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Then  the  natural  boundary  conditions  will  be  the  homogeneous  ones  into 
which  there  enter  derivatives  of  u  of  order  s  and  higher,  and  the 
principal  ones  will  be  -  those  which  contain  derivatives  of  u  up  to 
the  order  s-1  .  First  we  have  the  following  theorem. 

Theorem  IV.2.1_.  If  u(x ,y)  e  F^  is  such  that  u(aty )  =  u(x,c)  = 
u(a,c)  =  0  and  u(xyy)  minimizes  the  functional 


w 


dxdy 


subject  to  the  conditions 


(2) 


M  2 

u  dxdy 

■'a-'  c 


1 


then 


(3) 


Vx>d)  =  Uxy(b>y)  =  uxy(b’d)  =  0 


and 


( 4 ) 


,4 

— -  A  u(xty)  =  0 
dxdy 


where  \  is  the  minimum  eigenvalue . 


Proof:  First  of  all  Theorem  IV. 1.1  shows  that  the  minimum  exists.  By 

the  method  of  Lagrange  multipliers,  the  first  variation  of  the  resulting 


* 
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functional  is  equal  to  zero.  That  is 


(5) 


rb  rd 


JaJ  c 


( U  V 
xy  xy 


-  \  uv)  dxdy  =  0 


for  all  admissible  v(x,y)  .  Also  as  a  consequence  of  Mason’s  lemma 
(cf:  §11.3)  we  can  easily  show  that  u(x,y)  satisfies  (IV.  2. 4).  We  now 
have  the  following  identity 


(6) 


u  v  —  \u  y  ]  —  \u  y  1  ~  \ u  yl  +  u  ?? 

xyxy  xy  xy  xy  x  y  xy  y  x  xy  xy 


Integrating  the  above  identity  we  obtain 


(?) 


rd  rb 


cJ  a 


[u  v 
xy  xy 


-  \  uv]dxdy  -  I  J  (uXyXy~xu)vdx(fy- u  (b,d)  v(b,d ) 

@  a 

+  j  uxy(x'd)  +  /  uxy<~b^)vyLb 

CL  @ 


=  0 


But  due  to  the  arbitrariness  of  y  ,  we  can  first  choose  v(x,y) 
such  that  y (x ,y)  vanishes  on  the  boundary  of  R  .  Then  we  get  the  Euler 
equation.  Thus 


(8) 


-u  (b,d)v(b,d)  + 

y 


u  (x,d)v  (x,d)dx  + 
xy  x 


uxyvyib’y)dV  =  0 


for  all  v(x,y)  such  that  v(a,y)  =  v(x,c)  =  0  .  Now  let  us  choose  y 


y)dy 


as  follows: 
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(9)  v(x,y)  =  fix)g(y)  ftCha.b)  ,  geCho,cb 

I  /(a)  =  f{b)  =  0  f(x)  $  o  . 

g(c)  =  0  ,  £(2,)  £  0  and  g (d)  j  0  ' 

i 

Substituting  this  value  of  v(x,y)  in  Equation  (IV.  2.  8)  we  get 

!b 

9('d)\  Uxv (x’d)  f  (x)<fc  =  0 
Ja  y 

for  all  f(x)  £  C  (a9b)  with  f(a)  =  /(£)  =  q  .  Hence  by  the  fundamental 


lemma  of  the  calculus  of  variations  [11]  we  have 


(10) 


u  ( x,d )  =  o  , 
xy  1 


(11) 


= 


° 2  and  °2  bein8  constants.  But  Equations  (IV.  2. 10)  and  (IV.  2.11)  are 
compatible  iff  =  q  .  Substituting  this  back  into  Equation  (IV. 2.  8) 


-Oj  v(b>d)  +  v(byd)  +  Oj  v(b,d)  =  v(b,d)  =  0 


we  find 


. 
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But,  since  v(x,y)  can  be  chosen  so  that  v(b,d)  4  0  , 
have  o^=0.  This  completes  the  proof  of  the  theorem. 


we 


simPle.  Boundary  Value  Problem  Involving  Natural  Boundary  Condit 


ions . 


In  this  section  we  investigate  the  boundary  value  problem 


a) 


z4 

— =  f(x,y) 
dX  ay 


a  <  x  <  b 
o  <  y  <  d\ 


(2) 


Uxy(b’y)  ■  uxy(a’y)  "  uxy(x’c)  =  uxy(x,d)  =  0 


f(x,y)  being  a  continuous  function.  Clearly  the  solvability  of  the 
boundary  value  problem  (IV.  3.1)  and  (IV. 3.2)  can  be  replaced  by  the  problem 
of  minimizing  the  functional 


(3) 


Hw]  =  f  [  (u2  -  2  uf)  dxdy 


over  the  above  specified  class  of  functions.  However  the  operator 


(4) 


A  u  = 


r.4 

9  u 


~  2-  2 
dX  dy 


is  not  positive  definite  on  the  class  of  functions  satisfying  the  boundary 
conditions  (IV.  3. 2),  since  in  this  case 


rb  rd 


rb  rd 


(A u,u)  =  u  u  dxdy  =  u  dxdy  =  0 


'aJo 


xyxy 


>aJo 


xy 


(5) 


. 
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does  not  necessarily  mean  that  u  =  0  . 

Further  our  problem  is  not  solvable  for  arbitrary  f(x,y)  . 
Note  that  the  problem  is  solvable  if 


(6) 


ft 

f(x>y)dx  =  0 
a 


!d 

f(x,y)dy  =  0  . 

Q 


Further  if  the  problem  is  solvable,  then  it  has  infinitely  many  solu- 

tions  differing  from  each  other  by  functions  q(x,y)  such  that  -~r*^  =  0  . 

dxdy 

But  if  we  were  to  seek  a  solution  u(x,y)  which  satisfies  the  conditions 


(7) 


rb 

u(x,y)dx  =  0 
a 


■d 

u(x,y)dy  =  0 
c 


then  the  solution  is  unique. 

(2) 

Let  denote  the  subspace  of  functions  in  Tv  J  such  that 

u(x,y)  e  implies 


(5) 


u  (a,y)  =  u  (ft,y)  =  u  =  u  (x,d)  =  0 

xy  y  xy  xy  *  xy  * 


( 9 ) 


u(x,y)dx  =  0 


u(x,y)dy  =  0 


Ja 


Then  using  Theorem  IV. 1.3  we  see  that  the  operator  A  becomes 
positive  definite, and  hence  using  the  method  of  §111.1  we  can  complete 
M  with  respect  to  the  norm 
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(10) 

(A u,u)  =  | 

_ 

II 

3 

Ja 

u  dxdy 
xy  a 


u  e  M 

o 


and  as  before,  in  this  completed  space  M  we  can  show  that  there  exists 

o 

a  solution. 

( j  \ 

In  the  case  of  (/^  we  found  that  the  functions  in  the  completed 

space  satisfy  the  same  boundary  conditions  as  the  original  class  of  func- 

4  2 

tions.  But  this  need  not  be  the  case  here.  Let  u(x,y)  e  C  (R  )  be  any 
function  which  satisfies  (IV.  3. 9)  but  not  (IV.  3.8).  Then  since  the 
functions 


{ sin 


ki\(x-a ) 
(b-a) 


sin 


li\(y-c) , 

id-o)  * 


k,£ 


form  a  complete  orthogonal  system  in  R  with  respect  to  the  L((R)  norm, 

Cl 

we  can  expand  u  (x,y)  in  terms  of  its  Fourier  Series,  i.e. 


02) 


u  (x,y) 

xy  y 


l 


k  ,1=1 


sin 


ki\(x-a ) 
(b-a) 


sin 


Iv(y-c) 

(d-c) 


where 


03) 


■b  rd 


u  (x,y) 
xy 


sin 


kT\(x-a) 

(b-a) 


sin 


l-n(y-c) 

(d-c) 


dxdy 


and  the  series  converges  in  the  Ls( R)  norm. Integrating  the  series  (IV. 3. 12), 


we  obtain 


. 


: 
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(14)  u(x,y)  =  f(x)  +  g(y)  +  £  a,  .  -^~a)  (f g)  cos  cos 

k,Z=l  K’1  kl-n2  (b~a)  (d_c) 

where  f(x)  and  g(y)  are  arbitrary  continuously  differentiable  functions 
in  the  respective  domains.  Since  u(xyy)  satisfies  the  conditions 
(IV.  3. 9),  we  find  that  f(x)  +  g(y)  E  0  .  For  the  conditions  (IV. 3. 9) 
imply 


f(x) (d-c)  +  g(y)dy  =  0 
‘c 


g(y)(b-a)  + 


rb 


a 


f(x)dx  =  0 


Thus 


f(x)  +  g(y)  =  - 


(b-a) 


f(x)dx  - 


(d-c) 


g(y)dy 


=  constant 


But  since 


u(x,y)dxdy  =  0 


a '  c 


implies  that  c^  =  0  . 


. 


99  - 


00 


(15) 


_  v  „  ( b-a)(d-o )  ki\ (x-a)  tn(n-c) 

u(x>y)  -  l  a,  p  - 5 -  cos  — — r-^  cos  -  ' 

k,l=l  k'1  kl-n2  (&"a)  <d"e> 


We  now  put 


un(x,y) 


n 

l 

k,L=l 


(b-a)  (d-c)  k^(x-a)  lu(u-c) 

ab  P  - o -  OOS  ~7b - GOS  t  J}\ 

kyl  kli\2  (o-a)  (d-c) 


Clearly  the  functions  { u  (x,y)}  ,  belong  to  M  for  all  n  .  From 

n  o 

the  expansion  (IV. 3. 12)  we  find 


.2 
d  U 


lim 

n+<x> 

n-*» 


n 


~2 
d  U 


m  i 


dxdy  dxdy 


lim 

n-*x> 

n -*» 


u  -u 
n  m 


=  0 


By  definition  there  exists  a  function  u(x,y)  £  such  that  iun(x>y)} 
converges  both  in  L^CR)  norm  and  the  norm  (IV.  3.10).  But  then 


u(x,y)  =  u(x,y)  , 


since  u  (x,y)  -*  u(x,y)  in  L9(R)  norm.  Thus  u(x,y)  £  M  .  This 

VL  Z  O 

function,  however  does  not  satisfy  the  boundary  conditions  by  our  assump¬ 
tions  . 


§4.  A  Comparison  Theorem  for  Eigenvalues. 


In  this  section  we  prove  a  comparison  theorem  for  eigenvalues  of 
a  partial  differential  equation  of  D.  Mangeron  involving  natural  boundary 

This  is  an  extension  of  a  theorem  of  Z.  Nehari  [28]  for  ordinary 


conditions . 


. 


■ 
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differential  equations.  The  second  theorem  proved  in  this  section  is 
an  extension  of  an  inequality  of  Liapunov  for  ordinary  differential 
equations . 


Theorem  IV.  4. 1.  Let  Pj(x,y)  ,  p^(x^y)  be  positive  continuous  functions 
defined  on  R  such  that 


rx  ry  r%  f  y 

I  p1(^ir])d^dr]  < 

* a  Jc 


a  Jc 


P2(?»n)dCdh  . 


Let  X^  and  X ^  respectively  be  the  least  eigenvalues  of  the  equations 


d  u 


go 


— 2 — 2  =  XiVi^x^ui  (1=1,2) 

dx  dy 


(2) 


d^ 

u-(a,y)  =  3^77  U;(x,c)  =  0 


r\  r\  C/t  • 

dxdy  ^ 


Oy  r\  V l  • 

dxdy  ^ 


(«5)  w .  (b,y)  =  u  .  (x y d)  =  0  . 

is  L' 


Then  we  have  —  X2  3  wXieve  the  equality  sign  holds  when  p^(xyy)=  p^(xyy)  . 

Before  we  give  the  proof  of  the  theorem  we  have  the  following 

lemma: 

(2) 

Lemma  IV.  4. 2  .  If  <t>(x,y)  ,  \fj  (x,y)  are  functions  belonging  to  T 
such  that 


* 


(4) 


<t>(a,y)  =  <t>(x,e)  =  0 


;  ip  (x,d)  =  if)  (b,y)  =  0 


' 


. 
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then 


(5) 


rd 


a  ' 


<t>  p  dxdy  = 
o  Xy  >a' 


cj)  ip  dxdy 
xy 


Proof:  Integrating  the  identity 


(6) 


-  (b  ^P  =  [$>  ip  1  -  [d) 

xy  ^xy  r  Vz/  Wy 


and  making  use  of  the  boundary  conditions  (IV.  4. 4)  we  find 


(?) 


ft  ft 


[<W, 

.u 


'a  4o 


xy 


^xy^]dxdy 


Ja 


Wx(x,d)  -  (p\px(x,e)]dx  +  I  [(p  ip(b,y)  -  <p\p(afy)]dy 

Jn  y  y 


=  0 


and  the  lemma  follows. 

Proof  of  Theorem  IV. 4.1.  It  can  easily  be  seen  using  the  identity 
(IV.  2.6),  that 


rb  rd  3  u 


(8) 


'aJc 


3  Ui  o  ft  ft  9 

[g^]  dxdy  =  \1  jjc  Pj  Uj  dxdy 


Now  in  Lemma  IV. 4. 2,  we  take 


•: 
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(9) 


Hx>y) 


=  u2(x,y) 


<!>(«»  2/) 


fX  ry 

pAZ,r\)d£dr\ 

c 


which  yields 


ao) 


2 

fbrd  3  u1  2  ,b,d 

J  [3^1  =  xi  Pi  ui  fody 

cl  o  jcljo 


=  Aj  LL  11 !  pidm] 

JaJ  o  a  a  y 


Since  u2(x>y)  is  the  eigenfunction  corresponding  to  the  least  eigen¬ 
value  A ^  ,  we  have  u^x.y)  >  0  by  R.  Jentzsch's  theorem  [17].  Further 
by  virtue  of  boundary  conditions  (IV.  4. 2)  and  (IV.  4.3)  we  have 


(11) 


9x3  y 


(x,y)  =  X2 


(xcy 

P2(Z,T))  U2(£9T\)d&lT\  >  0  . 

*a 


Thus  we  have 


rd 

(12)  u2^(x,d)-  u2x(xty)  =  u2  (x,T))dr]  >_  0  . 

Jy 


Since  u  (x,d) 
x 

uly(x,y)  <  0  . 


=  0  , 
Thus 


we  see  that 


Ulx -  0 


By  a  similar  argument 


(13) 


9 2(u)  3 2u  9 u  9 u 

r.  ~  1  =  2u1  -r-A  +  2  ~  >  0 

3x9 y  1  9x9 y  3x  9 y  — 


Hence 
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rb  rd  9  u 


°  2 


(14) 


Ja  Jc 


ld^]2<icdy =  xj 


<  X. 


b  rd  9  “w. 

'  (4#>J  d5dn)  9^ 


a  ■'c 


b  rd 


j  (4£  V 2^^  (%xfy  ) 


dxdy 


~2  2 
a  Uj 


a  Jc 


rd 


=  X 


'a' 


Py(xiy)u1  dxdy 


Thus  for  the  solution  x^(x,y)  satisfying  the  boundary  conditions 
(IV.  4. 2)  and  (IV.  4. 3) 


(15) 


rbfd  {u  fb  rd  2 

I  [w^j'dxdy<  xi  I  P2  ui  <*“% 

JaJc  ‘  JaJc 


But  by  virtue  of  Theorem  IV. 1.6,  we  have 


rbrd  rDra  o  u2  2  rora  £ 

(16)  \2  I  p2  u2  dxdy  <  [3^7]  -  X1  ?2  U1  ^dy  * 

*a*c  *a  Jc  y  JaJc 


r b(d  9  u. 


This  yields  the  assertion  of  the  theorem. 


Theorem  IV.  4. 3.  Let  Q(x,y)  >  0  be  such  that  Qx(x,y)  ,  Qy(x,y) 

and  0  (x,y)  are  continuous  functions  in  R  and  let  p(x,y)  be  a 

xy 

continuous  function  defined  on  R  .  If  the  boundary  value  problem 


(17) 


(9  m)  -  y(x,y)u 
v  xy  xy  r 


=  0 


(18) 


u(afy)  =  u(x,c)  =  u  (b9y) 


u  (x  yd) 
xy  * 


=  0 


■ 
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has  a  non-trivial  continuous  solution >  then 


(19) 


dxdy 

)a\Q  6(^,2/) 


aJc 


p+(x,y)dxdy  >_  1 


where 


P+(x>y)  =  rnax  { 0  ,  p(x,y)}  . 


Proof :  First  of  all  we  observe  that  because  of  our  assumption  of 

the  existence  of  a  nontrivial  solution,  we  have 


(20) 


0  u  dxdy  = 
xy  * 


brd 


p  u  dxdy  >  0 


a J  c 


Also 


(21) 


u(x,y)  = 


P  ry 


a  Jc 


u ^  d^dr\ 


(Xfy 


Ue  /e(5,,1) 


uv  d^dp 


squaring  and  applying  the  Cauchy-Schwarz  inequality,  we  obtain 


(22) 


u  (x,y)  < 


xfy 


a  Jc 


0(£»n) 


Fty  2 

didr)  I  J  e  (C.n)  didr) 


Ja  Jc 


< 


b  rd 


aJc 


Q(x,y) 


dxdy 


rb  rd 


Ja  Jc 


0  u  dxdy 
xy 


■ 
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■b  rd 


a  J  c 


Q(x,y) 


dxdy 


rb  rd 


p  u  dxdy 


aJ  q 


Hence 


(22) 


2  lb  (d  7  ft  [d  P 

max  u  (x,y)  <  q->  ■.  dxdy  p  <x,y)dxdy  max  u(x,y) 

(x,y)tR  JaJa  a(x’y>  la1  a  +  (x,y)eR 


Since  u(x,y)  is  nontrivial,  we  have 


(24) 


1  < 


0  (x,y) 


dxdy 


p  (x,y)  dxdy 


which  completes  the  proof  of  the  theorem. 


Theorem  (IV.  4.3)  is  an  extension  of  a  result  of  D.F.  St.  Mary 
[36],  who  has  proved  it  for  the  case  of  ordinary  differential  equations. 


' 
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CHAPTER  V 


Problems  With  Mixed  Boundary  Conditions 


§1 •  Introduction. 

In  this  chapter  we  consider  the  Sturm-Liouville  problems  of 
the  type  {III. 6.1)  subject  to  mixed  boundary  conditions.  We  have  not 
been  able  to  find  problems  of  this  type  discussed  in  the  literature. 
Throughout  this  chapter,  for  the  sake  of  convenience,  R  will  denote 
the  rectangle 


{x2  <X  <x2  ;  y2  <y  <  y2 } 


Specifically  we  consider  the  following  boundary  value  problem 


to 


+  P(x>y)u  =  f(x,y)  . 


Subject  to  the  homogenous  boundary  conditions  of  the  form 


(2) 


for  y 2  <  y  <  y £  and  i  =  1,2, 


(2) 


3.  u(oc,y  .)  +  (~l)Ju  (x,y  .)  =  0 


' 
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for  x i  <_  x  £  Xg  and  j  -  1,2  ,  and  the  compatibility  condit 


ions 


Ux(x  l’y  l)ux^X  2>y  2)uy(x  1  M  2)Un^X  2'y  P  = 


y 


Ux^Xlyy2)Ux(<Xliy2)Uy('Xl'yl)Uil(x2'y2) 


y  ^2^2- 


Let  Q(x,y)  >  0  ,  p(x,y)  >_  0  be  continuous  functions  defined 

on  R  .  We  assume  that  0  ,  0  ,  0  are  all  continuous  functions 

^  y  xy 

defined  on  R  .  It  is  clear  that  there  exists  a  positive  constant  0 

o 

(  p\ 

such  that  B(x,y)  0^  .  Let  ^  denote  the  class  of  funct  ions  in 

(2)  * 

T  which  satisfy  the  boundary  conditions  (V.l.2.3).  Here  a.  and  3. 

^  J 

(^»J=^>2)  are  nonnegative  constants  such  that  at  least  one  of  the 

products  {a. 3.  |  i,j  =  1,2}  does  not  vanish. 

Is  <J 


§2.  Symmetry  and  Positive  Definiteness  of  L  in 

 a, 3 

In  this  section  we  deal  with  the  symmetry  and  positive  definite- 

(2) 

ness  of  the  operator  L  in  ^  .  First  we  prove  the  following  lemmas. 


(2) 


Lemma  V.  1.1.  The  operator  L  is  symmetric  on  ' 


(2) 

Proof:  We  have  to  show  that  if  u,V  £  T  i  then 

-  0,3 


( 1 ) 


( Lu,v )  =  (u,Lv) 


where  (  ,  )  denotes  the  inner  product  in  L„(R)  . 


1  Yt  (  .  -•'» 

5 


, 


. 
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Integrating  the  identity 


(2) 


v(Qu  )  =  [v  Qu  1  -[y0 

xy  xy  xy'xy  1  x 


u 

xy  y 


-  [  V  0  U 

y  xy 


X 


+  0  U  V 

xy  xy 


we  have 


X„  y  o 

r  2  r  2  zf'z 

(^)  I  v  Lu  dxdy  =  [y(0  u  )  +  puv]dxdy 

Jx2Jy2  Jv  Ju  xy  xy 


X2  ?2 


x2y2 


Substituting  ( V.2.2 )  into  (V.  2.  3)  and  integrating  we  find 


( 4 ) 


xo  y 9 

^  f  ^  x2*y 2 

v  Lu  dxdy  =  IvQu  ]  -  [v  0  u (x,y  )  - 

xy  xVyl  >x,  x  xy  j 


-  v  0  u  (x,  yd)  ]  dr 
x  xy  v  1 


lvy 6  uxy(x2’y)  -  Vy  9 

y2 


rX2?2 

>x2y2 


(Q  u  v  +  p  u  v)dxdu 
xy  xy  r  ^ 


Further^by  the  boundary  conditions  (V.  1.2-3)  we  have 


(5) 


•£-f-  -7 

'  “i6j  u(-xi>yp  =  (~3)  “xi/VV 

(  “a*  <X’V  =  (-J)J+:  “x(x>V 

V  “xy  (xi’y)  =  (_J)  “i 


■ 


109  - 


Substituting  these  values  in  ( V.1.4 )  we  obtain 


(6) 


(Lu,v)  -  u(xi>yj )  v<xi*yj) 


•  *  -T 

'Z',  <7=2 


+ 


f  ^  ^ 

Z  3.  Q(x,y  .)  u  (a:,2/  )  v  (x,y  )dx 

J  j,  j_  j  v  d  ^  j  jc  j 


(y2  V 

+  2  a,-  0(*->y)  U  (x.,y)  v  (x.,y)dy 

Jy2  1  y  1  2/1 


rx, 


f2/. 


a:--' 


1  ^2 


[e  “x/xt,  +  P“ul<fe^  • 


Since  the  expression  on  the  right  hand  side  of  (7.2.5)  is  symmetric  in 
w  and  y  ,  the  proof  is  completed. 


Theorem  V.2.2.  Under  the  assumption  on  (a.. 3-}  the  operator 

i'  0 

(2) 


is  positive  definite  on  Y  ' 


Proof :  We  have  to  show  that  there  exists  a  constant  y  such  that 


( LuyU  )  >  y  ( UyU ) 


for  all  m  £  .  First  of  all,  we  have  from  (7.2.5)  that 

a, 3 


x 


2  (  2  I  2 

a. 3-  Q(x.,y.)u  (x.,y  .)  +  Z  3  .  Q(xty.)u(xty)dx 

Is  d  t'  d  t'  v  J  ~  A—  7  d  d  d 


(7)  ( Lu,u )  =  l 

i,j=l 


x2  J=2 


fy2  2  2  fV2  2  2 

y  a.  B(x-,y)u(x.9y)  +  (9  w  +  P^  )^2/ 

;P7  ^  x2  ^2 


+ 


2/5  ^ 


. 


^  l  *  ■ 


■ 


. 
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For  simplicity  let  us  assume  that  a  8  4  0  .  Then  from  (V.1.7), 

removing  suitable  terms,  we  obtain 


(5) 


•X2?2 


(LuyU)  >  |  J  6  u^y  +  a2^1  ®(x2>y j)1*2 (%2’y 2)  + 


x2Jy2 


x. 


X. 


3 2  Q(x,y2)u  (x,i jj)dx 


j/. 


Jy 


a  Q(x  ,y)u  (x 
1  1  y 


By  virtue  of  our  assumptions  on  Q(x,y)  ,  we  may  write 


(9) 


(Lu,u)  >  m{ 


rX  2  ?2 


x2Jy2 


2  2 
Uxy  ^dy  +  U  ('x2'yl)  + 


xc 


X. 


ux^x^2)dy + 


+ 


j/ 


y- 


u  (xvy)dy} 

y  1 


where 


m  =  0  6  and  6  =  min{i,a-, $- ,a-$-} 
o  1111 


Further  we  have 


u(x,y) 


u(Xj ,y)  +  u(x,y2) 


u(xiyy1) 


+ 


dr)dE, 


Using  the  inequality 


( a+b+o+d <  4(a^+b^+c^+d^) 


2,y)dy. 


, 


. 


Ill 


which  holds  for  any  four  real  numbers  a  ,  b  ,  c  and  dy  we  have 


2  o  o  n  [X  y 

(10)  u  (x,y)  <4{u  (xvy)  +  u  (x.y^  +  uCx^yp  +  [J  I  dME]} 

By  the  Cauchy-Schwarz  inequality  applied  to  the  integral  in  ( V.1.10 )  we 


can  write 


(44)  w  (#>2/)  £  4{u2 (x +  u‘{xyy2)  +  u1  {x ^y 


+  (x-x2)(y-y2) 


r  X  r  X 


xi*i 


u  dxdy } 
xy  J 


and  integrating  (7. 1.11)  over  the  rectangle  R  ,  we  obtain 


(42) 


rX  2  ry2 


x2  y2 


2  2 

u  (xyy)dxdy  <  4{(x 2~x 2)  (y 2~y 2)u  (x^y,)  +  (x9-xn) 


'2  ~T 


y 


y 


'  2, 

u  (x. 


+  (y2~y1) 


X, 


X. 


u  (xyy2)dx 


,  .2,  * 2  x„  yn 

(x2-x2)  (y2~y2)  2f  2 


x  2  y  i 


u  dxdy 
xy  J 


Further  we  have  the  relationship 


u(x  yy y)  u(xiyy2)  u^(E,yy  2)  dE, 

x*  ^ 


•x 


y)dy 


hence 
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u  (x9yn)  <  2u  (x1,y1)  +  2(x-x1) 


x . 


x. 


9 

a 


X. 


ux(x,y2)dx 


x. 


(13) 


f  2  2  P  f  ^  P 

I  u  (x,y1)dx<2(x2-x1)u  (x^y^)  +  (x^-x^)  u  (xyy^)dx 

xi  >  x^ 


By  a  similar  argument,  we  can  show  that 


(14) 


u  (xvy)dy 


Multiplying  (V.1.13)  by  4(y2~y^  and  (V.1.14)  by  4(x9-x2)  and  adding 


(15)  4(y2-y2) 


x. 


x. 


u  (x,y2)dx  +  4(x2~x ) 


j/. 


y 


u  (x 2  ,y)dy 


2  2 

<  16 (x 2~x 1) (y 2~y j)u  (x19y2)  +  4(x2-x2)  (y 2~y 2) 


x . 


X . 


ux(x,y2)dx 


+  4(y 2~y 2)  J(x2-x2) 


fy2 


y 


u  (x  vy)dy 

y  1 


Combining  (V.1.12)  and  (V.1.15)  we  obtain 


(16) 


r  2  r  2 


x2y2 


2  2 

u  (x,y)dxdy  <  20(x 2~x 2) (y £-y 2)u  (a^,^) 


x . 


2  [  *  2 

+  4(x2-x2)  (y2-y2)  ux(x,y2)dx 

'x~ 


+  4(y2-y2)CJ(x2-x2)  |  u^(x2,y)dy 


y 


X2?2 


1  yl 


x 


u  dxdy 
xy 


_ 
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Thus 


(17) 


rX  2  ?2 


*2y2 


2  2 

u  (x,y)dxdy  <_  C{u  (x2,y  )  + 


x. 


J  x. 


ux(xyy2)dx  + 


y 


+ 


r*  2  (  2 F 2  2 

u  (x2>y)dy  +  u  dxdy } 

y2  y  Jx2Jy2  * 


where  C  is  the  maximum  of  the  coefficients  in (7.  1.16).  Combining 
( V.2.9 )  and  (7.2.17)  we  get  the  positive  definiteness  of  the  operator  L 


§ 3.  Eigenvalues  of  L  . 

In  this  section  we  investigate  the  eigenvalues  of  L  in  the  comple¬ 
te) 

tion  of  r  and  show  the  completeness  of  eigenfunctions  in  L  (R) . 

C\>  p  2 

note  that  using  the  theorem  of  K.  Friedrichs  mentioned  in  [jT7.1],  the  space 

In  this  comple¬ 
ted  space  we  can  show  that  there  is  a  unique  solution  to  the  boundary  value 


(2)  1/2 
^  £  can  be  completed  with  respect  to  the  norm  ( Lu,u ) 


probem  (7. 1.1 ,2 ,3).  Now  we  have  the  following  theorem: 


(2) 


Theorem  V.  3. 1.  If  {u„}  is  a  sequence  of  functions  from  R  s 
-  n  cCj  p 


uch 


that 


CO 


(  Lu  yU  )  <  M 
n  n  — 


where  M  is  a  constant 3  then  we  can  extract  a  uniformly  convergent  sub¬ 


sequence. 
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Proo_f.  For  the  sake  of  convenience  let  us  assume  that  a^3  4  0 

Then  ( V.2.  1)  yields 


-X2  H  3  2u 


f  *  f  *  0  U  p 

I  J„  (35af)  ^  - 


(2)  \ 


xlyl 


ly  dun  2 

t-5p  l*vv)rdv  l-e 

\  »1 


M_ 

-  e 

o 


2  du 


[ - U.  (X  y  )  ] 

l3*  J  ^-03 


or. 


o  1 


M  2,  w  M 

and  urSXVyj)  -  0  a737 

(9  11 


a- 

<9  1 


Thus 


by  the  Bolzano  Weierstrass  Theorem  we  can  choose  a  subsequence  which  is 
again  denoted  by  iu^x^y^)}  such  that  {u^x  ^  ,y  ^ )  }  converges.  Further 


we  have 


ex"  3  u 

>y 2^  ~  u yi ^  *y ~  j  ^ix 


for  a  <  x'  <  x"  <  b  ,  which  implies 


rx"  du 

I un(X">yp  "  -  1“^ 

•’a:, 


An  application  of  the  Cauchy-Scwarz  inequality  to  the  integral  on  the  right 
hand  side  of  the  above  inequality  yields 


(3) 


u 


n 


(x",y2)  -  un(x'  yy2)  |  <  /(x"-x') 


Similarly,  we  obtain 


■ 


' 
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(4) 


K(xi -  \^ry">  I 

/  o  : 


The  inequalities  (V.3.3)  and  ( V.3.4 )  show  the  equicontinuity  and  uniform 
boundedness  of  the  families  {u  (x  ,y 7)}  and  { u  (x1ty)}  respectively.  Thus 
by  the  Arzela-Ascoli  Theorem  we  can  choose  a  uniformly  convergent  subsequence 
(where  we  keep  the  same  indices  for  the  sake  of  simplicity).  Now  we  exhibit 
the  uniform  convergence  of  this  subsequence  {i^Cx  ty)}  .  We  have 


un(x"  ~  =  u„(x",y^)  -  u^x\y^  + 


n 


n 


n 


+  u  (x1iyu)  -  u  (a:-  * ) 

n  1  a  n 


rx”  ry"  d  u 


’  x*J 


lyl 


a  u  jvo  r 

tedy  -  j  } 


T  I  r,2 

rx  ry  3  u 


n 


x  2 y  i 


a  xdy 


dxdy 


and  therefore 


(6) 


un(x",y")  -  un(x',y')\  <  I \(x"  ,y  ^  -  u^x'  ,y  2) 


+  \un(xry")  ~  un(xvy')  | 


rx"  ry 1  3  u 


x 


» 


n  i 


y 


f  1 dxdy1 


dxdy  + 


it  ii  <\2 

x  ry  3  u 


n 


x->y'  dxdy 


dxdy  + 


y"  3« 


n 


XjJy 


dxdy 


dxdy 


Applying  Cauchy— Schwarz  inequality  to  the  integrals  in  (V.  1.23)  we  find 


■ 
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(7)  \un(x”,y")  -  un(x\y')\  <  \  u^x"  ,y  y  -  u^x'  ,y  p  \ 

+  I “n(*j>y")  -  un(x1,y')\ 

k  {  S(x"-x')(y"-y')+  /(x2-x3)(y"-y')  +  /(i/2-y3)(x"-x')}  . 

where  k  is  a  constant  depending  on  M  ,  0^  ,  and  3^  . 

Since  iu^(xiy^)}  and  iu^ix^^y)}  are  equicontinuous  and  uniformly 
bounded,  {u^(x  >y)}  is  equicontinuous  and  uniformly  bounded  by  virtue 
of  ( V.3.7 ).  Then  Arzela-Ascoli  Theorem  yields  the  existence  of  a  uniform¬ 
ly  convergent  subsequence. 

Combining  Theorem  V.1.3  and  Theorem  III. 1.5,  we  obtain  the 
following  theorem: 


Theorem  V.  3. 2.  The  operator  L  subject  to  the  boundary  conditions 

(V.  1.2-3)  has  a  countable  set  of  eigenvalues  tending  to  infinity  and  the 
eigenfunctions  form  a  complete  set  with  respect  to  both  the  [-^(R)  norm  and 

the  norm 


u 


= (Lu,u) 


§4 .  Comparison  Theorems  for  Eigenvalues. 

We  state  and  prove  the  following  comparison  theorem  for  eigen¬ 
values  of  the  operators  L  and  L  .  A  similar  theorem  has  been  proved, 
for  ordinary  differential  equations  by  K.  Kreith  [15]. 


' 
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•Jf  ^ 

Theorem  V.1.5.  If  0  (x,y)  and  p  (x  ,y)  are  functions  such 

that  0  £  0  and  p  <_  p  and  y  .'s  and  S.'s  are  constants 

'V  'V 

satisfying 


a.  <  y .  3 •  <  6  . 

■t  1  *1  %  i 


then  the  eigenvalues  of  L  subject  to  the  boundary  conditions 


(1)  y.  u(x .  ,y)  +  {-1)%  u  (x . , y )  =  0  ;  6  .  u(x,y.)  +  (-7)J  u  (x,y  .)  =  0 

u  u  ^  i'  j  j  y  j 


where  is  defined  by 


(2) 


,  #  a2  /A*,  N  a 2u  s 
L  U  = (0  (a:, 2/)  ^377)  +  p  (^,2/)  W 


3  xdy 


dxdy 


majorize  those  of  L  subject  to  (V.  1.2-3). 


Proof:  Indeed,  from  our  hypothesis  it  can  easily  be  seen  that 


ft 

( LuyU )  <  ( L  u,u) 


for  all  admissible  functions  and  the  result  follows. 


Corollary:  Eigenvalues  of  the  problem  (V.1.1)  -  (V.1.2)  are  majorized 


by  those  of  the  problem 


« 
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3  xdy 

< 


(0(x*y)  h&g' +  pu  -  x  u 


u(x.,y)  =  u(x,y.)  =  0  (1=1,2) 


f°r  y^  <_  y  <  y^  and  x  j  —  x  —  X2  resPect ively . 


*s* 

Pro°f :  The  assertion  follows  by  taking  0  =  0  ,  p  =  p  and 

Y  -  =  6  .  =  °°  in  Theorem  V.  1.5. 

U  L s 
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CHAPTER  VI 

Green's  Functions  of  Polyvibrating  Operators 


§1.  Introdut ion. 

It  is  well  known  that  finding  Green's  functions  of  differen¬ 
tial  operators  is  equivalent  to  finding  the  inverse  operators  to  these 
differential  operators.  In  practice  it  is  easy  to  prove  the  existence 
of  inverse  operators  using  functional  analysis  as  a  tool.  Also  once 

we  find  the  Green's  function  it  is  easy  to  give  an  explicit  representa¬ 
tion  of  the  solution.  But  the  actual  construction  of  the  Green's  functions 
for  many  partial  differential  operators  seems  to  be  quite  difficult.  In 
this  chapter,  we  give  explicit  representations  of  the  Green's  functions 
for  certain  of  the  polyvibrating  operators  of  D.  Mangeron  [2] .  We  quote 
below  two  theorems  from  functional  analysis  on  which  our  representa¬ 

tion  is  based. 

Theorem  VI.  1.1  [ 25 ].  If  A  is  a  completely  continuous 3  symmetric 

positive  3  transformation  between  two  Hilbert  spaces y  then 

(i)  All  the  eigenvalues  of  A  are  real  and  different  from 
zero .  Each  is  of  finite  multiplicity  and  they  are  either  finite  or 

denumerably  infinite  in  numbers  tending  to  zero. 

(ii)  Every  element  of  the  form  A u  can  be  developed  in  terms 
of  the  orthonormal  system  {({k}  °f  corresponding  eigenfunctions 
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U)  Au  =  l  \i .  ( Az^ ,  4> .)({). 

i=l  z  'l  z 


Theorem  VI . 1 . 2.  If  A  is  a  symmetric s  positive  bounded  below 
operator  with  a  discrete  spectrum  then  its  inverse  operator  G  =  A~^ 
is  completely  continuous  and  is  symmetric. 

Combining  Theorems  (VI. 1.1)  and  VI. 1.2,  we  infer  that  the 

-2 

inverse  operator  G  =  A  of  a  positive  bounded  below  operator  is  given 
by 


(2) 


G  u  = 


I 


i=l 


(  u ,  (j)^  ) 
~TT 


where  (p.'s  are  the  eigenfunctions  of  A  and  X.  are  the  corresponding 

7-  V 

eigenvalues.  Thus 


•b  rd 

a'c 


co  ,Dra 

G  u  =  l  —  <Pk(x,y)  tt(S.n)  (j>7<(S,nM£<iri 

y=l  k  ”  ^ 


00  -  rb  rd 

I  1 


k=l  Xk 


aJc 


u(S,n)  <Pk(x,y)  (pk(^,r\)d^dr] 


00 


I 

k=l 


d  <Pk(x,y)<bk(Z>  n) 


w(S,n) 


A. 


dE,dr\ 


a 


rbrd  00  MS, n)ck  (*>*/) 

w(€,n)  (  I  - r - 

h=l  h 
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The  interchange  of  summation  signs  and  integration  has  to  be  justified 
every  time.  Thus  the  Green's  function  G<x,y;£,n)  is  given  by 


(3) 


oo 


G(^;£,n)  =  l 

k-i 


(*»*/)  (C*n) 


§2 .  Green ' s  Functions. 

Though  in  many  simple  cases  the  Green's  functions  could  be 
found  by  elementary  techniques,  the  above  approach  gives  us  a  unified 
treatment  of  Green's  functions.  In  §V.2  it  has  been  proved  that  under 

suitable  conditions  on  Q(x,y)  and  p(x,y)  ,  the  partial  differential 
operator  L  , 


00 


(0  ~lTy*  +  P(x>y)  u 


subject  to  the  boundary  conditions 

(  i 

CL^  u  ,  y )  +  (—1)  (x^ ,  y )  —  0  c  _<  y  d 

< 

3-  u(x,y  .)  +  {-1)'L  u  (x ,y . )  =  0  a  <  y  <  d 

\  u  ^  y  t'  ~  — 


and  the  compatibility  conditions  (C)  ,  is  positive  definite  provided 

at  least  one  of  the  terms  ( i  =  1,2  ;  j  =1,2)  is  different  from 

C 

zero,  a.'s  and  B-'s  being  nonnegative.  it  has  also  been  shown 

^  J 

in  Theorem  (V.2.4)  that  the  operator  L  ,  subject  to  the  boundary  conditions 


:  J I  • .  p  * 
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( V.1.2 )  has  a  discrete  spectrum  {X.}  tending  to  infinity.  Thus  we 
can  use  the  theorems  VI. 2.1  and  VI. 2. 2  to  give  an  explicit  representa¬ 
tion  for  the  Green's  functions.  We  consider  several  cases  as  follows: 


Case  (i)-  Q(x,y)  =  1  ,  p(xyy)  E  0  ,  a.  =  3 .  =  00  (i  ,  j  =  1,2) 

^  J 

It  is  clear  that  in  this  case  the  operator  L  reduces  to 


(3) 

and  the  boundary  conditions 


L  u  = 


d  U 


dx2dy2 


(VI. 2. 3)  can  be  identified  as 


u(x^.,y)  =  0  ;  u(x,y  I)  =  0 


a  =  1,2) 


for  y  j  —  y  —  y  2  an<^  xj  —  x  —  x2  resPectively. 


The  eigenfunctions  are  given  by 


kn(x-x  )  In  (y-y  j) 

{sin  - v-  sin  - r—  } 

(x2-x2)  (y2-y1) 


k,£  =  1 ,2 , • • • 


2  2  4  2  2 

and  the  eigenvalues  are  k  £  n  /  (x  2~x  ^)  (y 2~y .  Hence  by 
Theorem  VI. 2.1  the  Green's  function  is  given  by 


°°  °o  (x2-x1)2(y2-y1)2  kn ( E,  -x^) 

G(x,z/;^,n)  =  l  l  ( - yj -  sin 

k=l  £=1  krr 


(x  2  x  2 ) 


svn 


kn  (x-x  2 )  £n  (y-y2)  £n(v\-y  2) 


(x2~x2) 


szn 


szn 


y2-y2  Q y2-y2 ) 


. 
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D.  Mangeron  [2  ]  originally  obtained  the  representation  of  G(x,y ; n) 
as  given  by 


(^2  ^ 2  y j ^ ^ ^ 


/ 

< 


(y  2-y)  (6,-x  2)  (n-^) 
(x^-x)  (y-y^tErXj)  (y  2~ n) 
(x-x^)  (z/^-z/)  (a?2“£)  (rp^) 
(x-x^)  (y-y2)  (x2~0  (y 2~r\) 


E<x;t)  <z/ 

£<x;n>j/ 

^>_x;n  <jy 

C>x;n>i/ 


Case  (ii).  0(x,z/)  =  1  ,  p(x,y)  =  0  ,  a9  =  0  ,  39  =  • 


The  operator  L  reduces  to  (7J.2.3),  but  the  boundary 
conditions  reduce  to 


u(x  2  yy)  =  u(x,y2)  =  0  ;  =  uxy(x>y 2 ^  =  ^ 


The  eigenfunctions  are  given  by 


,  .  ,Ml,  •„  (ari-UiT 

{sin  (  2  (Xg-Xj)  S1  2  y m,n=l,2,-" 


and  the  corresponding  eigenvalues  being 


(2m¥l)2(2n+l)2  tT* 

2  2 
16 (x 2~ x 2^  (y2~y2) 
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Thus  once  again  the  Green's  function  G  (x,z/ ;  E,  ,ri)  is  given  by 


OO  CO 


16(x9-x  )2 (y  -y  )2  (2k+l)v(x-x) 

G(*,ir;5.  n)  =  l  l  { - 2-4 - M-  sin  1 


k=l  1=1  (2k+l)2 (21+1)  t\4 


2(x2-x]) 


(2k+l)^(g-x1) 

-  Stn  2(j,  -j,  ) 


2  2' 


(2^+2)  ,  , 

s^n  — - r-  (zy— v  -, )  > 

ry- 7)  ^ 


2(y2-y 


An  alternate  representation  of  this  function  can  be  obtained  and  has  the 
form 


G(x,z/;£,n)  = 


(x2~0  ( y2~r\ ) 

/ 


< 


(x^-x)  (z/^-n) 


\ 

(x^-x) 


£  1  x  ;  n  <  2/ 

£  1  x  ;  n  _>  y 

^  >  x  ;  n  <  y 

£  2.  x  ;  n  >  2/  . 


Thus  the  above  examples  show  that,  finding  the  explicit  repre¬ 
sentations  of  Green's  functions  is  equivalent  to  finding  th e eigenfunctions 
of  polyvibrating  operators  subject  to  suitable  boundary  conditions. 

Following  M.N.  Oguztoreli  [29 ]  we  consider  the  following 


problem: 


. 
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(4) 


,2 
a  u 


(P(X)  qiy)  =  X  fMbW  u 


for  Xj,  <  x  <  Xg  y 2  <  y  <  H2  subject  to  the  boundary  conditions 


(5) 


u(x19y)  =  u(x2,y)  =  0 


for  y2  <y  <y2  and 


(6) 


u(x,y2)  =  u(x,y2)  =  0 


for  x j  —  x  —  x 2  »  w^ere  ^  is  a  parameter.  We  assume  that  p(x)  and 
q(y)  are  continuously  differentiable  positive  functions  defined  on 
a  <_  x  <_b  and  o  _<  y  _<  d  respectively.  We  wish  to  determine  values  of 
the  parameter  A  in  such  a  way  that  the  boundary  value  problem  ( V.2.4 ) 
and  {V .2 .5-6)  will  admit  a  solution  in  the  rectangle  R  .  This  can  easily 
be  done  as  follows  by  a  separation  of  variables.  For,  let 


u(x,y)  =  X(x)  V(y)  . 


Then  the  problem  is  equivalent  to  the  following  two  Sturm-Liouville 
problems  of  ordinary  differential  equations. 


1 (p(x)  %> 


=  y  r(x)K 


( 7 ) 


X(x2)  =  X(x2)  =  0 


*r!^- 

. 


' 
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and 

(5) 


where 


i w f  >  - v 

Ytyj)  =  Y{y2)  =  0 


X  -  yv  . 

Let  *  ^2  *  ^3  »  ***  denote  the  eigenvalues  of  the  problem 

(VI. 2. 7)  and  X^  ,  X^  ,  X^  ,  •••  be  the  corresponding  eigenfunctions. 
Similarly  let  ,  •••  denote  the  eigenvalues  of  (VI. 2. 8)  and 

Yj  ,  ,  • • •  the  correspesponding  eigenfunctions.  Existence  of 

these  eigenfunctions  can  easily  be  shown  using  methods  of  differential 
equations.  The  conditions  on  p(x)  and  q(y)  assure  that  these  eigen¬ 
functions  form  a  complete  system  of  orthogonal  functions  with  weights 
r(x)  and  s(y)  ,  respectively.  Hence 


u 

m,n 


=  X  (x)  V  (y) 
m  n  57 


form  a  complete  system  of  orthogonal  functions  with  weight  v(x) s  (y)  . 


. 


. 
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CHAPTER  VII 

Generalizations  to  Higher  Order  Operators 


§1 .  Introduction. 

In  this  chapter  we  generalize  some  of  the  results  obtained  in 
the  previous  chapters  to  the  partial  differential  operators  of  higher 
order.  In  our  study  we  shall  restrict  ourselves  to  the  class  of  functions 

( yi ) 

r  defined  in  Chapter  II. 

In  section  2,  starting  with  certain  higher  order  problems  of 

(yi\ 

the  calculus  of  variations,  we  obtain  the  Hilbert  spaces  l r  '  which  are 
subspaces  of  the  Hilbert  space  introduced  in  Chapter  III.  In  the 

same  section  we  prove  the  positive  definiteness  of  certain  higher  order 
polyvibrating  operators.  In  section  3  we  use  these  results  to  demonstrate 
the  existence  and  uniqueness  of  the  solutions  to  certain  integro-partial 
differential  equations  of  polyvibrating  type. 

In  this  chapter  u  will  denote  the  partial  derivative 

v  n  n  r 

x  it 

^  2n 

- —  ,  which  is  the  nth  order  Picone  derivative  of  the  function 

c\  22  r\  22 

ox  ay 

u  =  u(x3y)  . 

§ 2 .  Minima  of  Integrals  Involving  Higher  Order  Picone  Derivatives. 

In  this  section  we  investigate  the  properties  of  a  function 
u(x,y)  which  minimizes  a  functional  of  the  form 


. 


' 
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CO 


Ijlu]  = 


' a J  c 


f(x,y,u,u ,•••,«  n  n)dxdy 

x  y 


over  the  class  of  functions  in 


such  that 


(2) 


9  u 


J<+t 

9  u 


=  ;  ^KT(b>y)-\iw 


for 


and 


c  <y  <d  ,  k  =  0,1 ,2, • • •  ,n-l  ,  l  =  0 ,1 ,2, • • • ,n-l 


(2) 


J<+Z  dk+Z. 

t,  t  -  Ci  n  ( x )  ;  t  j  ( x ,d )  =  P. „  ( x ) 

9a:  92/  ^  dxKdyL 


for 


a  1.  x  —  k  =  0 ,1 ,2 ,•• • ,n-l  ,  Z  =  0 ,1,2,  •  • • ,n-l 

where  ,  B^  ,  and  P^  are  certain  known  functions,  which 

are  sufficiently  smooth  and  compatible  with  each  other.  We  assume  that 

f(x,y,u  ,u1,999,u  )  is  a  function  , twice  continuously  differentiable  with 

O  J  ^2 

respect  to  all  its  arguments. 


It  can  easily  be  seen,  using  techniques  of  Chapter  II,  that 
the  first  variation  of  the  functional  1 ^[u]  is  given  by 


. 
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(4) 


J'llU>S]  =  I  l  \fU  .(X’y>U’Uxy’"’ 
JaJo  z=0  ^  d 


~2i  r. 

„  ,  ,  u  )  - 7 - r  dxdy 

xy  n  n  .  ^  y 

xi/  9x  ay 


where  6(x,y)  is  a  function  belonging  to  T ^  such  that 


(5) 


zk+t&  ,  .  3fc+£6 

7ET  (a’y)  =  TTTT  (b’y)  =  0 

ox  9  y  9x  9  y 


for  o  <y  <d  and  k  =  0,1 , 2 , • • • ,n-l  ,  l  =  0 ,1 ,2 , • • • ,n-l  ,and 


(ff) 


<d<+tr.  ^k+Z? 

o  0  ,  N  oO/7N 

X  y  o  (x, X)  —  (9 

9x  9z/  9x  9z/ 


for  a  <x  <b  and  k  =  0 ,1 >2 , • • • ,n-l  ,  l  =  0 ,1 ,2, • • • ,n-l 


Thus  if  u(x>y)  e 


satisfies  the  Equations  (VII.  2.  2-3) 


and  minimizes  1 ^[u]  ,  we  have 


(?) 


=  0 


(n) 

for  all  6(x,z/)  £  T  satisfying  Equations  (FIX.  2.5-6).  An  integration 
by  parts,  yields 


(5) 


&  rd  n  rx  rij  ,  rsn-k-l ,  .  n-k-1  n  ~2 n~ 

(I  &=& - - /u  C5.n )«*}  -Vt 

’a-' <3  k=0  [(n-k-l)\]  k  9x  9 2/ 


XrXz/  =  <9 


for  all  6(x,y)  €  V ^  and  satisfying  Equations  (VII. 2, 5-6)  where 


?u  = 


k 


9f  ,  00  0  v 

tt-1  (x,y  ,u,u  ,••  •  ,u  „  ) 

9  u,  *  xu  n  n 

k  y  x  y 


* 


. 
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By  Mason's  lemma  II. 2.1,  we  have 


(x-O  k  1(u-n)n~k~1  °  n~2  i ,  b 

^ - 2 —  (£,nM£<2n  =  l  xky  + 

Uk  k=0  k  k 


[ ( n-k-1 ) ! ] 


where  ^Q/)  and  X^(x)  are  functions  depending  only  on  f  and  its 

partial  derivatives  f  .  Since  we  have  assumed  that  f(x,y,u  ,«-,•••, u  ) 

o  1  n 

is  sufficiently  differentiable,  differentiating  either  side  of  the  above 

relation,  we  see  that  u(x ,y)  is  a  solution  of  the  partial  differential 
equation 


w 


n 

l 

i=0  dx  3 y 


2i 

j — 7  [/.  (a? , z/ , 8 , S  ,•••,§  )] 

b  J  u-  °  xu’  *  n  nJ  1 

*  x  y 


=  0 


th 

Equation  (VII. 2.  9)  is  a  4  n  order  nonlinear  polyvibrating  partial 
differential  equation.  If  we  assume 


f(x9y9uo,uv"*,un)  =  [  0 .  u? 

i=0 

(i) 

where  Q.(x,y)  are  functions  belonging  to  T  ,  then  we  obtain  the 
following  linear  polyvibrating  equation 


(10) 


n 


2i 


Liu  =  l 


i=0  3x  3 y 


i  (Qi(x*y'> 


~2i 
3  u 


dxt'dy 


We  will  discuss  this  equation  in  the  following  section. 


■ 
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§3*  _Self  Adjoint  4  n Order  Polyvibrating  Equations. 

Motivated  by  the  results  of  Section  2,  we  consider  the  follow 
ing  boundary  value  problem 


(1) 


n 

L-iU  =  l 

i=o  a^a^  ^ 


2i 

(Q,-  (xty)  ~~U, )  =  f(x9y) 


•  • 


(2) 


a*+* 

~T~T  (a,2/)  =  ~  v  up  (&»*/)  =  0 
a/  3**3/ 


for  c  <y  <d  and  k  =  0 ,1 ,2 - ,n-l  ,  l  =  0 ,1 ,2 , • • • ,n-l 


(3) 


3 &+£ 

zT^T  =  — T^T  =  0 

a^^azy^  a*  a/ 


for  a  <x  <b  and  k  =  0,1 ,2 - ,n-l  ,  l  =  0 ,1 ,2 , • • • ,n-l  .  We  also 

(i) 

suppose  that  Q^(x,y)  e  V  are  all  positive  functions  defined  over  R 

for  0  <  i  <  n  such  that  there  exists  a  constant  0  for  which 
~  ~  o 


(4) 


0  ( x,y )  >0  >  <9 

«  ^  _  Q 


and  f(x,y)  e  .  First  we  prove  the  following. 

Theorem  VII. 3.1.  The  partial  differential  operator  L defined 
by  (VII.  3.1)  is  symmetric  and  positive  definite  with  respect  to  the  inner 
product  of  L0(R)  provided  Equations  (VII.  3. 2.-3)  are  satisfied. 


7 


. 


. 
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— roof •  ket  us  note  that  for  any  two  functions  utv  vanishing 

on  the  boundary  of  the  rectangle  R  ,  we  have  the  following  formula  of 
integration  by  parts 


(5) 


rb  rd 


' a  Jc 


u  v  dxdu  = 
xy  * 


rb  rd 

c 


v  u  dxdu 
xy  c 


Then,  clearly,  if  u  and  V  satisfy  the  boundary  conditions  (VII. 3. 2.-3) , 
we  have 


m 


,2i 

d  U 


,2i 

d  V 


r\  'l'  r\  'Z'  r\  'Z'  r\  'Z' 

ox  oy  ox  oy 


which  proves  the  symmetry  of 


Hence 


(7) 


(LjUyU) 


u  .  .  dxdu 
x  y 


By  virtue  of  our  assumptions  on 


^(xty) 


we  can  write 


(5) 


(LjUyU)  > 


0  (x,u)  u 
n  y  n  n 
x  y 


dxdy 


>  0 
—  o 


2 

u 

n  n 
x  y 


dxdy 


Further,  since 


r.2% 

a  u  /  . .  \  .  d  u 

r  (a>y>  -  - 


'toc'ly' 


(x,c)  =  0 


■ 
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we  have 


(9) 


b,d  2 

u  .  . 

.  .  ^  V 

'aJc  x  y 


2  rbrd 


ctcdy  <  SZrarw-o'  n 


u  i+i  i+i  ^ 


a"  c  x  y 


i  -  0,1 ,2,» •• ,n-l  ,  as  a  consequence  of  the  Theorem  IV. 1-1.  Using 
( VII. 3.9)  n  t imes , 


fb  [d  o  ,  j  N  2n 

(10)  u  dxdy  <  -^=2) — |i-°) 

Ua  ~  2Sn 


' M  S 

u  dxdy 
I  n  n  y 
aJ  c  x  y 


which  proves  the  positive  definiteness  of 


Now  we  introduce  the  space  l/^  of  functions  satisfying  the 

(yj\ 

following  properties:  u  e  1/  if  and  only  if 

o  J 

(i)  u  3  u  3  u  2  g  3  •••  3  u  n_1  are  all  defined  on 

d  x  y  x  3y 

R  and  are  absolutely  continuous  in  the  sense  of  Vitali  in  R  ; 


belongs  to  LJR)  ; 


(ii) 

u 

n  n 
x  y 

(Hi) 

u(x3y) 

(Hi)  u(x3y)  satisfies  the  boundary  conditions  (VII.  3. 2)  and 


(VII.  3.  3). 


Then  we  have  the  following  theorem: 


(  Yl) 

Theorem  VII.  3.  2.  V forms  a  Hilbert  space  with  respect  to  the 


inner  product  defined  by 


. 
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ai) 


(( UyV ))  = 

n 


IT  .  - 

aJ  c  x  y  x  y 


u  nnv  nn  ^ 


and  the  corresponding  norm  defined  by 


(12) 


I.  2  _ 

\h 

[d 

1 M 

'  ' n 

4J 

'a 

u  dxdy 

n  n  y 


Pjroof:  First  we  show  that  |  |  \u\  \  \  =  0  implies  u  =  0  a.e. 

in  R  .  This  is  easily  shown  since  an  extension  of  inequality  (III. 2. 12) 
as  in  Theorem  VII. 3.1  yields 


(13) 


^  (d  9  ( Vs  \  2^  (  j  \  2ft 

j  u  My  <  M-O)  |||M| 

a  c  2 


n 


=  0 


Since  u  £  L^(R)  ,  we  have  u  -  0  a.e.  in  R  .  Other  properties  can 


easily  be  verified.  Thus  we  have  only  to  show  the  completeness  1/ 


(n) 

o 


To  do  this  let  [u  }  be  a  Cauchy  sequence  with  respect  to  the  norm 

n  Z2n 

|||*|||  .  This  clearly  implies  that  { - — }  is  a  Cauchy  sequence  in 

YL  Yt  Yl 

ox  oy 

^(R)  .  By  virtue  of  completeness  of  L  (R)  there  exists  a  function 
g  £  L^(R)  such  that 


(14) 


rb  rd  r,2n  „ 

Um  J  Irs^-  *1  =  0  ■ 

n-xx>  c  ox  oy 


But  since  norm  convergence  in  implies  weak  convergence,  we 


have 


. 


' 
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(15)  Um 


rd2n-2 

o  u 


m 


=  Um 


m~*° °  3a?  3z/^  ^  m -*» 


~2n 

«  ry  3  w 


/77 


ra: 


/  ~  mr.  m 

aJc  3a?  dz/ 


dxdy  = 


f2/ 


'a  *'<? 


g(x,y)  dxdy 


which  shows  the  absolute  continuity  of  the  limit 


r,2n-2 

9  u 


m 


~2 n 
o  u 

Further  since  { - —  } 

rs  Tlr.  n 

3a?  ay 

that 


Um  - 

m-**  3 


is  a  Cauchy  sequence  in  L9(R)  ,  we  can  show 


(i) 


{- 


~2n-2 
a  u 


m 


}  converges  uniformly, 


(ii)  { 


r,2n-2 

3  u 


m 


r>  Yl-lr,  n-1 

3a?  dy 


}  is  a  Cauchy  sequence  in  /_  (R) 

Cl 


The  proof  of  (i)  follows  from  the  relationship 


(16) 


~2n-2 
a  u 


U  rX  r 

-1  n-l  ^x'y)  {  { 

H7 J  Jrr  J  / 


r\  2ri 
•x  ry  3  u 


m 


dxn  "3 y 


J  r.jn.r.  n 

aJo  3£  3ri 


d£,dr\ 


which  implies  the  inequality 


r.2n-2 

3  u 


(17) 


sup 


m 


~2n 

rx  ry  3  u 


< 


(x,y)eR  dxn  ^3 y1  ^  JaJ 


m 


q  3£  3n 


d^dr] 


To  prove  (ii)  let  us  note  that 


. 


■ 
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*2n-2 
o  u 


sup 


m 


(x,y)eR  dxm  1dym  1 


l 


(b-a)2 (d-o)2 


u 


m'  '  'n 


by  virtue  of  Cauchy-Schwarz  inequality.  Thus  { 


*2n-2 
3  u 


m 


*  171-1*.  m-1 
dx  dy 


}  i 


is  a 


uniformly  bounded  family  since  the  sequence  {- 


~2n 
o  u 


n 


*  Ylr.  71 

dx  dy 


}  is  uniformly 


bounded  because  it  is  a  Cauchy  sequence  in  L0(R)  .  As  in  §1.7,  we  can 


easily  show  the  equicontinuity  of  the  family  {- 


*2n-2 
d  u 


m 


*  n-1*  n-1 
dx  dy 


}  .  Thus  by 


the  theorem  of  Arzela-Ascoli  we  can  extract  a  uniformly  convergent  subse- 


*2n-2 
9  u 


quence  from  { — ——z — — — -}  .  We  will  denote  this  subsequence  also  by 

r\  rl  —  l  r\  ft-  i 

dX  ay 


*2n-2 
d  U 


{ — rrpj — )  for  the  sake  of  convenience.  Using  this  uniformly  conver- 

r\  * 4“  j-  r\  l  -L 

dx  dy 


ging  subsequence  we  see  that 


(18)  lim 


*2n-2  *2n-2 

[X  [y  d  u  rx  r-y  a  u 

dxdy  =  [lim  — — -r — r]  dxdy 

jaJo  n-*»  dx  dy 


I  *  n-1*  n-1 
aJo  9x  dy 


which  yields  the  absolute  continuity  of 


*2n-2 
d  u 


(*) 


m 


Ivm  - -  - 

,*  n-1*.  n-1 
nr*00  dx  dy 


By  similar  reasoning  we  can  demonstrate  that  the  sequences 


’  N 


(**) 


[u  } 

m 


{ _ m 

l3  xty1 


{ 


m 


r,  YL-lr.  n-1 
dx  ay 


■} 


converge  uniformly  to  functions  u  ,  u  ,  u  ,  •••  ,  u 

xy  2  2  yi—  1  yi—  2 

x  y  x  y 

all  of  which  are  absolutely  continuous  in  the  sense  of  Vitali  in  R  . 
Further  it  can  easily  be  seen  that  u  belongs  to  1„(R)  .  The 

Yl  YI  °  2 

x  y 

boundary  conditions  are  easily  seen  to  be  satisfied  by  u  by  virtue  of 
the  uniform  convergence. 


Incidentally,  we  have  shown  that  l/v  '  is  a  subspace  of  the 


space 


1/ 


U) 


o 


of  chapter  III  for  all  n  . 


Theorem  VII.  3.  3. 


If  iuj  is  a  sequeYiee  such  that  u  e  V 
m  n  mo 


(yi) 


aYid 


(19) 


(L^u  .u  )  <  M 
1  m3  m  — 


where  M  is  a  coYistant,  theYi  {z^}  contaiYis  a  uniformity  coYivergent 
subsequeYice. 


Proof:  By  virtue  of  Equation  (VII. 3. 19)  we  have 


~2yi 

9  u  9 
[ - — ]  dxcly 

\  W.  Yl  a 

9x  dy 


Thus  combining  the  above  inequality  with  the  inequality  (VII. 3.9)  we  have 
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(20) 


rb  rd  d  u 

LLl 


dxdy 


m]  2dxdy  <  -(fc--a)  ^-g> -  M 


22n'2  e 


O 


But  then 


(21)  sup  \um(x,y)\  <  ( b-a)(d-a )  /  f  J  [j^]Z  dxdy 

(xty)eR  /  JaJc  6X°y 


<  ( b-a ) ( d-o ) 


{ 


(fr-g)^2  2(d-o)2n~2 

2Sn'2  6 


M} 


1_ 

2 


Hence  { u is  uniformly  bounded.  The  equicontinuity  of  this  family 
can  be  shown  as  was  done  in  the  proof  of  the  Lemma  II. 7.  Thus  we  can 
extract  a  uniformly  convergent  subsequence  by  Arzela-Ascoli  Theorem. 


Consider  now  L^u  =  Xu  ,  where  A  is  a  parameter.  Then 
combining  the  above  theorem  with  the  Theorem  III. 1.3  ,  we  immediately 

see  the  existence  of  a  countable  sequence  of  eigenvalues  A^  tending 
to  infinity,  corresponding  to  the  infinite  sequence  of  eigenfunctions 
{ u  }  satisfying  L  ^u  =  A  u  and  the  boundary  conditions  (VII. 3.2-3) . 

As  another  generalization  of  the  operator  L  of  chapter  V,  we 
give  the  following  result  about  the  positive  definiteness  of  the  polyvi- 
brating  operator  L9  defined  by  the  equation 


L2U  dxdy  [9 


M 


e  !-£-)] 


dxdy  lKdxdy  dxdy 


(22) 
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Theorem  VII.  3.  4.  The  operator  LgU  defined  by  (VII.  3.22)  is 
positive  definite  and  symmetric  if 

(i)  Q(x.y)  >  0 

°  o 

(ii)  Q^(xjy)  >  0^  >  0  and  Q(x3y)  Q^(x^y)  are  sufficiently 
smooth  in  R  3 

over  the  space  of  functions  u(x3y)  e  f  satisying  the  boundary  conditions 


(23) 


u  =  0 

3R 


Proof :  First  of  all  using  integration  by  parts  we  find 


(24) 


(LgUyV)  = 


o2(x>y) 


[ 


(0 


~2 
9  u 


-)]  [ 


~2 

(0  Idr:)] 


9x9z/  9x9  y  9x9  y  9x9  y 


dxdy 


if  u  and  V  satisfy  the  boundary  conditions  (VII.  3.23)  which  shows 
the  symmetry  of  .  Thus  we  have. 


(b 

(LgUyU)  = 

•'a 


[9x9z/9  9x9 yW  dxdy 


Also 


(25) 


0  u  (x>y)  = 
xy  90 


rxry 


a  Jc 


(0 


9  u 


9£9n  v  9£9n 


-)  d£dr\ 


Since  u  (a.u)  =  u  (x.c)  =  0  and  by  the  Cauchy-Schwarz  inequality 
xy  xy 


we  have 
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rd  9  9  u  2t.  .2  rb  rd  ~2  ~2 

(26)  | Jg  e  uxy  My  <  ^  j J  (0  |j-,2  My 


Thus 


(27) 


a 


d  .  2f,  s2  rb  rd  ~2  ,.2  0 

a  9  uxy  ^  -  ~Q)ifC  jj  e2(x>y)[al 3^  (0  fj^1  <*“& 


since  Qj(xfy)/Q^  >  1  .  Combining  this  with  (F.  2.2)  we  obtain  the  inequality 


(25) 


rM  2 

u  dxdy  < 

a  *c 


,u  \2/j  N 2  rb  rd 

(b-a)  ( d-o ) 


4Q 


(I  92  u2  My  < 

Vo 


(b-a)4(d-e)4 

16 e  2  e, 

o  2 


(LgUyU)  . 


(4) 

This  proves  the  positive  definiteness  of  the  operator  in  T  subject 


to  the  boundary  conditions  (VII . 3.23) . 
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